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On the uniqueness of the helicoid and Enneper’s
surface in the Lorentz-Minkowski space R
Isabel Fernandez and Francisco J. Lopez ∗
Abstract
In this paper we deal with the uniqueness of the Lorentzian helicoid and Enneper’s surface
among properly embedded maximal surfaces with lightlike boundary of mirror symmetry in
the Lorentz-Minkowski space R31.
1 Introduction
The helicoid H0 := {(x, y, t) ∈ R3 : x tan(t) = y} was first discovered by Jean Baptiste Meusnier
in 1776. After the plane and the catenoid, is the third minimal surface in Euclidean space R3 to
be known. The helicoid is generated by spiraling a horizontal straight line along a vertical axis,
and so, it is a ruled surface which is also foliated by helices (its name derives from this fact). As
shown in Figure 1, it is shaped like the Archimedes’ screw, but extends infinitely in all directions,
see Figure 1, (a).
Figure 1: (a) the helicoid H0; (b) the Lorentzian helicoid H; (c) Enneper’s surface E1
In analogy with minimal surfaces in R3, a maximal surface in 3-dimensional Lorentz-Minkowski
space R31 = (R
3, dx2+dy2−dt2) is a surface which is spacelike (the induced metric is Riemannian)
and whose mean curvature vanishes. Maximal surfaces represent local maxima for the area func-
tional, have conformal Gauss map and admit a Weierstrass type representation (see equation (2)).
Besides of their mathematical interest, they have a significant importance in classical Relativity
(see [20]).
∗Research of both authors partially supported by MCYT-FEDER grant number MTM2004-00160.
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The relative complement of the rigid circular cylinder C = {(x, y, t) : x2 + y2 ≤ 1} in H0
is a spacelike surface when viewed in R31, and consists of two congruent (in the Riemannian and
Lorentzian sense) simply connected domains of H0 bounded by a lightlike helix. The Lorentzian
helicoid H is defined to be the closure of the connected component of H0 − C containing (1, 0, 1)
in its boundary, see Figure 1, (b).
Amazingly, Int(H) is a maximal surface. As a matter of fact, O. Kobayashi [14] proved that
the Lorentzian helicoid and spacelike planes are the only maximal surfaces which are also minimal
surfaces with respect to the Euclidean metric on the ambient 3-space.
The geometry of the Lorentzian helicoid is somehow concentrated in its boundary. If X :M≡
{z ∈ C : Im(z) ≥ 0} → R31 is a conformal embedding of H, ∂(M) is a integral curve of the
weighted gradient 1(t◦N )2∇(t ◦X), where N is the Lorentzian Gauss map of X and ∇ is computed
with respect to the intrinsic metric induced by R31 (the factor
1
(t◦N )2 just controls the singularities
of ∇(t ◦ X) along ∂(M)). Equivalently, the immersion folds back at ∂(M), that is to say, X
extends harmonically to the double of M being invariant under the mirror involution. Maximal
surfaces with regular lightlike boundary and satisfying this symmetry property are said to have
lightlike boundary of mirror symmetry, and will be written ∗maximal surfaces.
Another interesting example of properly embedded ∗maximal surface with connected boundary
in R31 is the so called Lorentzian Enneper surface E1 := {(x, y, t) : 32(y−t)3−3(y+t)+24(y−t)x =
0}, see Figure 1, (c). Unlike the Lorentzian helicoid, the Lorentzian Enneper surface has finite
rotation number, that is to say, the change of the tangent angle along the orthogonal projection
over {t = 0} of its boundary is finite.
In this paper we will take interest in ∗maximal surfaces with slightly controlled asymptotic
behavior. To be more precise, a properly immersed maximal surface M in R31 is said to be
asymptotically weakly spacelike, or simply a ω-maximal surface, if R31 −M contains an affinely
spacelike arc (i.e., a proper arc α ∼= [0, 1[ in R31 lying in a closed spacelike wedge1 of R31). If
in addition M is ∗maximal, we simply say that it is ω∗-maximal. In the context of ∗maximal
surfaces with connected boundary, this apparently mild condition let us control the geometry of
the homothetical blow-downs of M. Moreover, it is automatically satisfied by surfaces with finite
rotation number and by surfaces admitting gradient estimates (or more generally, being metrically
complete) far from the boundary, like the helicoid. See subsection 6.2 for more details.
Recently, H0 has been characterized by W. H. Meeks III and H. Rosenberg [21] as the unique
properly embedded non flat simply connected minimal surface in R3. Likewise, J. Perez [18] has
proved that half of the Enneper minimal surface is the only properly embedded non flat oriented
stable minimal surface bounded by a straight line and having quadratic area growth. Somehow,
this paper is devoted to obtain a Lorentzian compilation of both Riemannian theorems.
We have proved the following:
Theorem I: The only properly embedded ∗maximal surface with connected boundary of
finite rotation number in R31 is the Lorentzian Enneper surface.
Theorem II: The only properly embedded ω∗-maximal surface with connected boundary
of infinite rotation number in R31 is the Lorentzian helicoid.
It remains open whether Theorem II can be extended to ∗maximal surfaces.
The required theoretical background includes classical Calabi’s theorem [5] (see also Cheng-Yau
work [6]) about complete maximal surfaces, and some basic existence and regularity properties of
area maximizing surfaces in the Lorentz Minkowski space R31, mainly proved by Bartnik and Simon
in [2].
In a first step, we obtain some regularity theorems and parabolicity criteria for maximal graphs,
and use these results to control the asymptotic behavior of maximal graphs over planar wedges.
1A closed wedge in R3
1
is said to be spacelike if it is foliated by spacelike half planes with the same edge.
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Among other things, we study under what geometrical conditions the homothetical blow-downs
of a such graph do not converge to an angular region of the light cone. Taking advantage of this
analysis and Calabis’ theorem, we can derive an elementary Colding-Minicozzi theory [3] and prove
that any homothetical blow-down of a properly embedded ω∗-maximal surface S with connected
boundary is a plane viewed as a degenerated multigraph with a singular point. This means that
any leaf of the blow-down sequence converges in the C1-topology outside the singularity to a plane
Σ∞ (the blow-down plane) depending neither on the leaf nor the homothetical blow-down. Finally,
and using some ideas by W.H. Meeks and Rosenberg in [21], we deduce that the Gauss map of S
omits the normal direction of Σ∞, and that any plane parallel to Σ∞ intersects S into a single arc.
This reasoning strategy requires of a finiteness theorem for maximal graphs with planar boundary,
whose proof has been deeply inspired by P. Li and J. Wang work [16]. The natural dichotomy
between spacelike and lightlike blow-down plane leads to S = H and S = E1, respectively.
The paper has been laid out as follows:
In Section 2 we introduce some terminology and background material. A detailed description
of the basic examples (Helicoid, Enneper’s surface and conjugate surfaces) is given in Section 3.
Section 4 is devoted to obtaining some parabolicity criteria for maximal surfaces. In Section 5
we deal with the geometry of maximal graphs, specially those over wedge-shaped regions. We
also prove the Li-Wang type finiteness theorem for maximal graphs. The deepest results are
contained in Section 6, which has been devoted to the global geometry of properly embedded ω∗-
maximal surfaces with connected boundary. We construct the blow-down multigraph and prove
the transversality of the surface and the blow-down limit plane. Finally, in Section 7 we prove the
uniqueness theorems.
Acknowledgment: The authors are deeply indebted to Prof. Rabah Souam for many
useful conversations about maximal surfaces and the Lorentzian helicoid.
2 Notations and Preliminaries
As usual, C = C ∪ {∞}, U = {z ∈ C : Im(z) > 0}, D = {z ∈ C : |z| < 1} and [−∞,+∞] =
R ∪ {−∞,+∞}. We make the convention x±∞ = ±∞, for all x ∈ R. If I ⊂ R is an interval, we
call |I| as its Euclidean length.
The Euclidean metric and norm in Rn will be denoted by 〈, 〉0 and ‖·‖0, respectively, n ≥ 2. The
origin in Rn will be written as O. GivenW1, W2 ⊂ Rn we denote by d(W1,W2) and dH(W1,W2) :=
sup{sup{d(w,Wj) : w ∈ W1 ∪W2} : j = 1, 2} the Euclidean and Hausdorff distance between
W1 and W2, respectively.
A smooth divergent arc α(u) : [0,+∞[→ Rn is defined to be sublinear with direction v ∈ Sn if
limu→+∞ α′(u) = v, where u is the arclength parameter of α with respect to 〈, 〉0, n ≥ 2.
We call R31 the three dimensional Lorentz-Minkowski space (R
3 ≡ R2 × R, 〈, 〉), where as usual
〈(x1, t1), (x2, t2)〉 = 〈x1, x2〉0 − t1t2, and write ‖(x, t)‖2 := ‖x‖20 − t2. A vector v ∈ R3 − {(0, 0, 0)}
is said to be spacelike, timelike or lightlike if ‖v‖2 > 0, ‖v‖2 < 0 or ‖v‖2 = 0, respectively. The
vector (0, 0, 0) is spacelike by definition. A smooth curve in R31 is defined to be spacelike, timelike
or lightlike if all its tangent vectors are spacelike, timelike or lightlike, respectively. A plane in R31
is spacelike, timelike or lightlike if the induced metric is Riemannian, non degenerate indefinite
or degenerate, respectively. The spacelike plane {t = 0} will be denoted by Π0. We often use the
identification Π0 ≡ R2 given by (x, 0) ≡ x.
A closed wedge W of R31 is said to be spacelike if any half plane contained in W is spacelike.
Proper arcs lying in a spacelike wedge are said to be affinely spacelike. Given a spacelike plane
Σ ⊂ R31, πΣ : R31 → Σ will denote the Lorentzian orthogonal projection. If Σ = Π0 we simply write
3
π instead of π
Π0
, and in this case
π((x, t)) := x, (x, t) ∈ R31.
For any p = (x0, t0) ∈ R31, we denote by Cp := {x ∈ R31 : ‖x−p‖2 = 0} the light cone with vertex
at p, and label C+p := Cp ∩ {t ≥ t0} and C−p := Cp ∩ {t ≤ t0}. We also set Int(Cp) := {x ∈ R31 : ‖x−
p‖2 < 0} and Ext(Cp) := {x ∈ R31 : ‖x− p‖2 > 0}, and likewise define Int(C+p ) := Int(Cp)∩{t > t0}
and Int(C−p ) := Int(Cp) ∩ {t < t0}.
A spacelike arc c ⊂ R31 is said to be an upward (resp., downward) lightlike ray if, up to re-
moving a compact subarc, π(c) is a closed half line and there exists p ∈ π−1(π(c)) such that
limx∈c→∞ d(x, lc) = 0, where lc is the lightlike half line in C+p ∩π−1(π(c)) (resp., in C−p ∩π−1(π(c)))
with initial point p.
As usual, open connected subsets of manifolds are called domains and their closures regions.
Throughout this paper we will deal with regions and domains of surfaces, namely Ω, with regular
enough boundary. In the most cases that last means that ∂(Ω) is piecewise smooth. If Ω lies in
a Riemannian surface, it suffices to require that ∂(Ω) is C0 and locally Lipschitzian functions in
Int(Ω) extend continuously to ∂(Ω).
If S is a manifold and f : S → R is a function, the expression limx∈S→∞ f(x) = [−∞,+∞]
means that limn→∞ f(xn) = L for any divergent sequence {xn}n∈N ⊂ S.
Let R∗ := {(z, w) ∈ (C− {0})× C : ew = z} denote the Riemann surface of log(z) endowed
with the Riemannian metric |dz|2. The function w : R∗ → C is a biholomorphism and z : R∗ →
C
∗ := C − {0} is the isometric universal covering of the Euclidean once punctured plane. The
argument function is given by arg : R∗ → R, arg = Im(w). For convenience, we add an extra
point [0] to R∗, define z([0]) = 0, and endow R := R∗ ∪ {0} with the smallest topology containing
the one of R∗ and making z : R → C continuous.
Let W ⊂ R be a proper subset homeomorphic to D − β, where β is a non empty connected
subset of ∂(D). W is defined to be a (generalized) wedge if ∂(W ) is smooth outside a compact
subset C ⊂ R, and for any proper Jordan arc α ∼= [0, 1[ in R contained in ∂(W ) − C, either
θα := limx∈α→∞ arg(x) = ±∞ or z(α) is a planar sublinear arc (hence θα ∈ R). If α1, α2 are two
such arcs in ∂(W ) − C, we set θ := |θα2 − θα1 | ∈ [0,+∞] the angle of W. In case ∂(W ) = {[0]}
(i.e., W = R) or ∂(W ) consists of a divergent Jordan arc with initial point [0], W is defined to
have infinite angle. The wedge arg−1([−θ, θ]) ∪ {[0]} will be denoted by Wθ, θ ∈ [0,+∞]. When
z|W : W → z(W ) is one to one, W and z(W ) ⊂ C ≡ R2 will be identified. Moreover, regions in
R2 defined by translating wedges of angle < 2π will be also named wedges.
In the sequel, M will denote a differentiable surface, possibly with non empty regular enough
boundary.
A continuous map X : M → R31 is said to be pseudo spacelike (acrostically, PS) if for any
p ∈ M there is an open neighbourhood U of p in M such that ‖X(p1) − X(p2)‖ ≥ 0, for any
p1, p2 ∈ U. If in addition π ◦X is a local embedding2, then X is defined to be a pseudo spacelike
immersion. If X :M→ R31 is pseudo spacelike immersion and π ◦X is one to one, then X(M) is
said to be a pseudo spacelike graph over π(X(M)) ⊂ Π0.
Let X be a proper PS immersion of a symply connected surface M into R31. X is said to be a
PS multigraph of angle θ ∈]0,+∞[ if there is an open disc D centered at O such that (π ◦X)−1(D)
is compact, Y : M0 → R is an embedding where M0 = M− (π ◦X)−1(D), z ◦ Y = π ◦ (X |M0)
(here we have identified Π0 and the z-plane), and W := Y (M0) is a wedge of angle θ.
Let Z be a simply connected topological space and consider a proper continuous map X :
Z → R31. Suppose that (π ◦X)−1(O) is either empty or consists of a single point and call M0 =
M− (π ◦X)−1(O). X is said to be a PS multigraph of infinite angle if X |M0 is a PS immersion
2By the Domain Invariance Theorem, this simply means that pi ◦X is locally injective.
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and there is an embedding Y :M→R such that z ◦ Y = π ◦X |M and W := Y (M) is a wedge of
infinite angle (obviously, Y ((X ◦ π)−1(O)) = [0] provided that (X ◦ π)−1(O) is a point).
In any case, u = t ◦ (X ◦ Y −1) :M0 → R is locally Lipschitzian with Lipschitz constant 1, i.e.,
∇u is well defined in the weak sense and ‖∇u‖0 ≤ 1.
Set G = {(x, u(x)) : x ∈ Ω} a PS graph over a domain Ω ⊂ R2, and call dΩ the inner metric
in Ω induced by 〈, 〉. The PS condition again gives |u(x)− u(y)| ≤ dΩ(x, y) for all x, y ∈ Ω. Thus,
if Ω is starshaped with center x0,
G− {(x0, u(x0))} ⊂ Ext(C(x0,u(x0))). (1)
Lemma 2.1 Let G be a PS graph over a convex region R ⊂ R2. The following statements hold:
(a) If G contains a lightlike straight line l, then G lies in the lightlike plane Σ0 containing l.
(b) If l1 = [p1, p2] and l2 are lightlike segments in G such that ]p1, p2[∩l2 6= ∅ then l1 and l2 lie in
the same lightlike straight line.
Proof : To check (a), use equation (1) and observe that G ⊂ ∩x∈lExt(Cx) = Σ0.
To prove (b), suppose up to a translation that O ∈]p1, p2[∩l2 and consider the dilated graphs
Gn := n · G, n ∈ N. By Ascoli-Arzela Theorem, the sequence {Gn}n∈N converges uniformly on
compact subsets to a PS graph G∞ over a convex region containing the lightlike straight line l0
determined by l1. From (a), G∞ lies in a lightlike plane, hence l2 lies in l0 too. ✷
A smooth immersion X :M −→ R31 is said to be spacelike (and X(M) a spacelike surface in
R31) if the tangent plane at any point is spacelike, that is to say, if the induced metric ds
2 := X∗(〈, 〉)
on M is Riemannian. In this case, the Gauss map N of X is well defined and takes values in the
Lorentzian sphere H2 := {x ∈ R31 ; 〈x, x〉 = −1}. If we attach to M the conformal structure
induced by ds2,M becomes a Riemann surface and X a conformal spacelike immersion. It is easy
to see that spacelike immersions are PS immersions.
Let M be a Riemann surface, and let SX be a closed subset with empty interior (usually,
a family of curves and points). A smooth map X : M → R31 is said to be a conformal space-
like immersion with singular set SX (and X(M) a spacelike surface with singular set X(SX)) if
X∗(〈, 〉) = λds20, where X∗(〈, 〉) is the pull back metric of 〈, 〉, ds20 is a conformal Riemannian metric
onM and λ is a function vanishing on SX and being positive onM−SX . A singular point p ∈ SX
is said to be a lightlike singularity of X if limq∈M−SX→pN (q) = ∞, where N : M − SX → H2 is
the Lorentzian Gauss map of X |M−SX . If in addition dXp 6= 0, p is said to be a regular lightlike
singularity. See the papers [24, 9] for a good setting about singularities.
A spacelike immersion X : M → R31 is said to be maximal (and X(M) a maximal surface)
if its mean curvature vanishes. A conformal maximal immersion X : M −→ R31 has harmonic
coordinate functions and admits a Weierstrass type representation (g, φ3) :
X = Real
∫
(φ1, φ2, iφ3), (2)
where g is a meromorphic function (the meromorphic Gauss map) and φ1 =
1
2 (1/g − g)φ3, φ2 =
i
2 (1/g+g)φ3 and φ3 are holomorphic 1-forms without common zeroes inM. Recall that g = st◦N ,
where N : M → H2 is the Gauss map of X and st : H2 → C is the Lorentzian stereographic
projection given by st : H2 → D, st((x1, x2, t)) = ( x2t−1 , x11−t ). We also set st0 : C0 − {(0, 0, 0)} →
{z ∈ C : |z| = 1}, st0((v1, v2, v3)) := 1v3 (v2,−v1), and observe that st0(v) = limn→∞ st(wn),
provided that {wn}n∈N ⊂ H2 and { wn‖wn‖0 }n∈N → v‖v‖0 .
For more details about the Weierstrass representation of maximal surfaces see [15].
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Definition 2.1 A map X :M→ R31 is defined to be a conformal maximal immersion with singular
set SX if X is a conformal spacelike immersion with singular set SX and X |M−SX is maximal.
We also say that X(M) is a maximal surface with singular set X(SX).
The Weierstrass data (g, φ3) of a conformal maximal immersion X : M → R31 with singularities
are well defined on M, and since the intrinsic metric is given by ds2 = 12 (1/|g| − |g|)2 |φ3|2, then
SX coincides with the analytical set |g|−1(1) ∪ |φ3|−1(0). If in addition every singular point is
regular and lightlike, then φ3 never vanishes and SX = |g|−1(1). If M0 is a connected component
of M− SX , its Gaussian image N (M0) lies in either H2+ := H2 ∩ {t > 0} or H2− := H2 ∩ {t < 0}.
We usually choose the orientation in such a way that N (M0) ⊂ H2−, and so g(M0) ⊂ D. In this
case g is said to be the holomorphic Gauss map of X |M0 .
Let M be a Riemann surface with analytical boundary. The mirror and double surface of M
with respect to ∂(M) will be denoted by M∗ and Mˆ :=M∪M∗, respectively. Recall that, up to
natural identifications, ∂(M) = ∂(M∗) =M∩M∗ = {p ∈ M : J(p) = p}, where J : Mˆ → Mˆ is
the antiholomorphic involution mapping each point p ∈M into its mirror image p∗ ∈M∗.
Definition 2.2 Let Xˆ : Mˆ → R31 be a conformal maximal immersion with regular lightlike singu-
larities. The map X := Xˆ|M is said to be a conformal maximal immersion with lightlike boundary
of mirror symmetry (or simply, a conformal ∗maximal immersion) if SXˆ = ∂(M) and Xˆ ◦ J = Xˆ.
We also say that X(M) = Xˆ(Mˆ) is a ∗maximal surface.
In terms of the Weierstrass data (g, φ3) of Xˆ, X is
∗maximal if and only if:
g · (g ◦ J) = 1, J∗(φ3) = −φ3. (3)
If X is a proper embedding, M and X(M) are identified via X andM⊂ R31 is said to be a properly
embedded ∗maximal surface.
With the previous notation, it is not hard to check thatX is a conformal ∗maximal immersion if and
only if SXˆ = ∂(M) and ∂(M) consists of integral curves of 1〈N ,w〉2∇〈Xˆ, w〉, where w is any timelike
vector and ∇ is the gradient computed with respect to the intrinsic metric3. To see this, assume
that up to a Lorentzian isometry w = (0, 0, 1), and write φ3 = −if(z)dz. Then, suppose that
SXˆ = ∂(M) and take a conformal disc (U, z = u+ iv) in Mˆ centered at p ∈ ∂(M) and satisfying
J(U) = U, z ◦ J = z. A standard computation gives λ2∇(t ◦ Xˆ) = Re(f)∂Xˆ∂u − Im(f)∂Xˆ∂v , where
λ = ‖∂Xˆ∂u ‖ = ‖∂Xˆ∂v ‖ = 12 (1/|g| − |g|) |f |. Therefore, ∂(M) ∩ U is an integral curve of λ2∇(t ◦ Xˆ) if
and only if Im(f) = 0 (that is to say, X is ∗maximal). Taking into account that (t ◦ N )2λ2 is well
defined and positive on U, we are done.
We will need the following basic lemma.
Lemma 2.2 Let X :M→ R31 be a conformal proper ∗maximal immersion with Weierstrass data
(g, φ3). Then, dg and φ3 never vanish along ∂(M) and π ◦X :M→ Π0 is a local embedding.
Proof : From (3), g and φ3 extend by Schwarz reflection to the double surface Mˆ. Since ∂(M) =
|g|−1(1) and ∂(M) consists of a family of pairwise disjoint proper regular analytical curves in Mˆ,
the harmonic function log(|g|) has no singular points on ∂(M) and dg(p) 6= 0 for all p ∈ ∂(M).
On the other hand, SX consists of regular lightlike singularities, hence dX 6= 0 on ∂(M) and
equation (2) gives φ3(p) 6= 0 for all p ∈ ∂(M).
Let us show that π◦X is a local embedding. Since X |M−∂(M) is spacelike then (π◦X)|M−∂(M)
is a local diffeomorphism, hence we have to deal only with boundary points. Fix p ∈ ∂(M), and
up to a Lorentzian isometry, suppose g(p) = 1 and Xˆ(p) = O. Then take a conformal disc (D, z)
3Despite the degeneracy of ds2 at S
Xˆ
, the weighted gradient 1
〈N ,w〉2
∇〈Xˆ, w〉 extends analytically to this set.
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in Mˆ satisfying z(D) = D, z(p) = 0, J(z) = z, z(D ∩M) = D+ := D ∩ {z ∈ C : Im(z) ≥ 0}
and φ2(z) = dz. From equation (2) and the facts dg(p), φ3(p) 6= 0, we get that φ1(z) = zh(z) dz,
where h : D → C is holomorphic, h(p) 6= 0 and h ◦ J = h. In the sequel we identify D ≡ D and call
Dǫ = {z ∈ C : |z| < ǫ}. By the Domain Invariance Theorem, it suffices to show that (π ◦X)|Dǫ is
injective provided that ǫ > 0 is small enough. Reason by contradiction and take sequences {zn}n∈N,
{wn}n∈N, in D+ converging to 0 satisfying zn 6= wn, Re(zn) = Re(wn) and Re(
∫ wn
zn
zh(z)) = 0.
Therefore we can find ξn in the vertical segment ]zn, wn[ such that Im(ξnh(ξn)) = 0, n ∈ N,
contradicting that {z ∈ Dǫ : Im(zh(z)) = 0} ⊂ R provided that ǫ is small enough. ✷
The main global result about maximal surfaces was proved by Calabi [5] (see also [6] for further
generalizations). It asserts the following:
Theorem 2.1 (Calabi) Let X : M→ R31 be a complete maximal immersion, where ∂(M) = ∅.
Then X(M) is a spacelike plane. The same result holds if we replace complete for proper.
3 Basic examples
The family of properly embedded ∗maximal surfaces is very vast. We are goint to present only the
most basic ones, already described by O. Kobayashi in [14].
Let Xˆ : C → R31 be the conformal maximal immersion with regular lightlike singularities
associated to the Weierstrass data g(z) = eiz , φ3(z) = −idz. If z = u+ iv, equation (2) gives
X(u, v) = (cosh(v) cos(u), cosh(v) sin(u), u).
Since Xˆ(z) = Xˆ(z) and X = Xˆ|
U
is a proper embedding, then H := X(U) is a properly embedded
∗maximal surface which has been named as the Lorentzian helicoid, see Figure 1,(b). The conjugate
immersion of Xˆ is the universal converging of the Lorentzian catenoid. The Lorentzian catenoid
has Weierstrass data C− {0}, g(z) = z, φ3(z) = idzz , and it is given by
Y (m, s) = (
1 −m2
2m
sin(s),
m2 − 1
2m
cos(s), log(m)),
where z = meis. In this case, SY = {|z| = 1|} consists of regular lightlike singularities, Y (SY )
is a single point, Y (1/z) = −Y (z) and C := Y (D − {0}) is an entire graph over R2. Elementary
characterizations of the Lorentzian catenoid can be found in [15], [4] and [8].
Consider now the dataM = C, g(z) = (z−i)/(z+i) and φ3(z) = i(z2+1)dz.Writing z = meis,
the corresponding maximal immersion Xˆ : C→ R31 is given by:
Xˆ((m, s)) =
(
−m2 cos(2s), 1
3
(3m cos(s)−m3 cos(3s)),−1
3
m(3 cos(s) +m2 cos(3s))
)
.
Since Xˆ(z) = Xˆ(z) and X = Xˆ |
U
is a proper embedding, then E1 := X(U) is a properly embedded
∗maximal surface, that we call the first Enneper’s maximal surface, see Figure 1,(c). E1 contains a
half line parallel to the x1-axis and is invariant under the reflection about this line. The conjugate
surface E∗1 is called the second Enneper’s maximal surface. Its Weierstrass data areM = C, g(z) =
(z− i)/(z+ i), φ3(z) = −(z2+1)dz, and putting z = meis, the immersion X : U→ R31 is given by
X(m, s) =
(
m2 sin(2s),
1
3
(−3m sin(s) +m3 sin(3s)), 1
3
(3m sin(s) +m3 sin(3s))
)
.
In this case SX is the real axis, X(SX) is the origin and X is not proper. Indeed, E2 = X(U) is
an entire graph over R2 and E2 −X(U) is the open lightlike half line x1 = x2 − t = 0, t > 0.
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Figure 2: (a) The Lorentzian catenoid; (b) Enneper’s graph E2 and the line l
Remark 3.1 The maximal graphs C and E∗1 satisfy the implicit equations x
2
1 + x
2
2 − sinh2 (t) = 0
and 3(x2− t)2− 14 (x2− t)4+3x21+6(x2− t)t = 0, respectively. Therefore, any blow-up with center
O of these surfaces converges in the C0-topology to half of the lightcone.
Ecker [4] proved that the Lorentzian catenoid is the unique entire maximal graph with one
singular point. A similar result for E2 can be found in Section 5 (Proposition 5.3).
4 Parabolicity of maximal surfaces in R31
This section is devoted to proving some parabolicity criteria for properly immersed maximal sur-
faces in R31. The required background can be found in [12],[1],[7], [17] and [23].
A non compact Riemann surfaceM with non empty boundary is said to be parabolic if the only
bounded harmonic function f vanishing on ∂(M) is the constant function f = 0, or equivalently, if
there exists a proper positive superharmonic function onM. Otherwise,M is said to be hyperbolic.
If ∂(M) = ∅, parabolicity means that positive superharmonic functions are constant.
For instance, U is parabolic, whereas D ∩U is hyperbolic.
Let g : U → C be continuous on U and harmonic on U. A divergent curve α ⊂ U is defined to
be an asymptotic curve of g if the limit a := limz∈α→∞ g(z) ∈ C exists. In this case, a is said to
be an asymptotic value of g. The following theorem summarizes some well known classical results
(see [22]).
Theorem 4.1 Set g : U → C continuous, holomorphic on U and omitting two finite complex
values. Then:
(I) g has at most one asymptotic value, and in this case g|U has angular limits at ∞.
(II) If the boundary segments [0,+∞[ and ] −∞, 0] are asymptotic curves of g, then the limit
limz→∞ g(z) exists.
Given a Riemann surface M with non empty boundary and p ∈ M − ∂(M), we denote by
µp the harmonic measure respect to the p. It is well known that M is parabolic if and only if
there exists p0 ∈ M− ∂(M) such that µp0 is full, i.e., µp0(∂(M)) = 1. In this case µp is full for
any p ∈ M− ∂(M), and bounded harmonic (superharmonic) functions u on M satisfy the mean
property
u(p) = (≥)
∫
x∈∂M
u(x) dµp, for any p ∈M.
Regions of parabolic Riemann surfaces are parabolic, and if a Riemann surface is the union of
two parabolic regions with compact intersection then it is also parabolic. The proof of the following
theorem has been inspired by some ideas in [7].
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Theorem 4.2 Let X : M → R31 be a conformal proper maximal immersion with singularities,
where ∂(M) 6= ∅, and suppose that there exists ε > 0 and a compact subset C ⊂M such that
〈X,X〉 ≥ ε onM− C,
Then M is parabolic.
Proof : Since parabolicity is not affected by adding compact subsets, we can suppose that ‖X(p)‖2 ≥
ε on M.
For any n ∈ N let Mn := {p ∈M : 〈X,X〉(p) ≤ n}. Let us see thatMn is parabolic. Indeed,
since t ◦ X is a proper positive harmonic function on M+n := (t ◦ X)−1([0,+∞[) ∩Mn, M+n is
parabolic, and likewise M−n := (t ◦X)−1(]−∞, 0]) ∩Mn is parabolic. As M+n ∩M−n is compact
and Mn =M+n ∪M−n , then we are done.
Now define h :M→ R, h(p) = log〈X,X〉(p). Since X is maximal, a direct computation gives
that ∆h = −4<X,N>2<X,X>2 ≤ 0, where ∆ is the intrinsic Laplacian and N is the Lorentzian Gauss map
of X. Therefore h is superharmonic.
Without loss of generality, suppose there exists p ∈ M with h(p) > 0 (otherwise M = M1
and we have finished). Up to rescaling assume that h(p) = 1. Since h is a bounded superharmonic
function on the parabolic surface Mn, we have
1 = h(p) ≥
∫
∂(Mn)
h dµp(n) =
∫
∂(M)∩Mn
h dµp(n) +
∫
h−1(log(n))
log(n) dµp(n)
where µnp denotes the harmonic measure in Mn respect to p. Since 0 ≤
∫
∂(M)∩Mn dµ
n
p ≤ 1,
1 ≥ log(ε)
∫
∂(M)∩Mn
dµnp + log(n)
∫
h−1(log(n))
dµnp ≥ −| log(ε)|+ log(n)
∫
h−1(log(n))
dµnp .
Dividing by log(n) and taking the limit as n goes to infinity, we get limn→∞
∫
{q∈M : h(q)=n} dµ
n
p ≤ 0,
and so limn→∞
∫
h−1(log(n)) dµ
n
p = 0.
On the other hand, the parabolicity of Mn gives
1 =
∫
∂(Mn)
dµnp =
∫
∂(M)∩Mn
dµnp +
∫
h−1(log(n))
dµnp
Taking the limit as n → ∞ we get that 1 = ∫
∂(M) dµp, where µp is the harmonic measure in M
with respect to p, concluding the proof. ✷
Corollary 4.1 Let X : M → R31 be a conformal proper maximal immersion with singularities,
where ∂(M) 6= ∅, and suppose that X(M) lies in a spacelike half plane. Then M is parabolic.
Proof : Up to scaling and Lorentzian isometry, suppose X(M) ⊂ {t ≥ 0}.
From Theorem 4.2, Mn := {p ∈ M : (t ◦ X)(p) ≤ n} is parabolic, n ∈ N. Defining now
h = t ◦X and reasoning as in the preceding proof we obtain the desired conclusion. ✷
5 Some results on maximal graphs
The space of continuous functions u on a domain Ω ⊂ R2 with weak gradient satisfying ‖∇u‖0 ≤ 1
will be denoted by C01(Ω). We endow C01(Ω) with the C0-topology of the uniform convergence on
compact subsets of Ω. Likewise, and for any k ∈ N∪{∞}, Ck1 (Ω) will denote the space of functions
with continuous partial derivatives of order < k+1, endowed with the Ck-topology of the uniform
convergence of u and its partial derivatives of order < k + 1 on compact subsets of Ω.
A sequence of PS graphs {(x, un(x)) : x ∈ Ω}, n ∈ N, is said to be convergent in the
Ck-topology to {(x, u(x) : x ∈ Ω} if {un}n∈N → u in the Ck-topology, k ∈ N ∪ {∞}.
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Remark 5.1 If Ω is bounded, C01(Ω) lies in the Sobolev space W1,2(Ω) of L2 functions with L2
gradient, and the convergence in C01(Ω) implies the one in W1,2(Ω). By Ascoli-Arzela theorem,
any sequence in C01(Ω) bounded at x0 ∈ Ω contains a subsequence converging in both C01(Ω) and
W1,2(Ω).
Let u ∈ C∞1 (Ω). The associated graph G = {(x, u(x)) : x ∈ Ω} defines a maximal surface if
and only if:
‖∇u‖0 < 1 and div
(
∇u/
√
1− ‖∇u‖20
)
= 0. (4)
The conjugate function u∗ is characterized by the identity√
1− ‖∇u‖20 du∗ =
∂u
∂x2
dx1 − ∂u
∂x1
dx2, (5)
besides the initial condition. It is well defined if and only if ∂u∂x2 dx1 − ∂u∂x1 dx2 is an exact 1-form
(for instance, if Ω is simply connected), and satisfies the minimal surface equation
div(∇u∗/
√
1 + ‖∇u∗‖20) = 0.
Thus, G∗ = {(x, u∗(x)) : x ∈ Ω} is a minimal surface in R3. In terms of the Weierstrass
representation, the conformal maximal and minimal immersions associated to G and G∗ are given
by
X = Real
∫
(φ1, φ2, iφ3) and X
∗ = Real
∫
(φ1, φ2, φ3), (6)
respectively.
The following theorem is the Lorentzian version of classical Plateau’s problem.
Theorem 5.1 ([2]) Let γ ⊂ R31 be a Jordan curve bounding a PS embedded surface. Then there
exists a PS area maximizing disc S in R31 bounded by γ. Furthermore, S is smooth (hence a maximal
surface) except possibly on piecewise linear lightlike arcs connecting points of γ.
This result applies to curves γ whose projection π(γ) is a Jordan curve and |t(p) − t(q)| ≤
dΩ(π(p), π(q)) for any p, q ∈ γ, where Ω is the domain bounded by π(γ) and dΩ is the inner
distance in Ω (see [13]). Furthermore, S is smooth provided that |t(p)− t(q)| < dΩ(π(p), π(q)) for
any p, q ∈ γ.
Let Ω ⊂ R2 be a bounded domain and consider a sequence {un}n∈N ⊂ C∞1 (Ω) of functions
satisfying equation (4). Assume that {un}n∈N → u in the C0-topology, where u ∈ C01(Ω) (see
Remark 5.1).
Given (x, y) ∈ ∂(Ω)2, the segment ]x, y[ is said to be singular if ]x, y[⊂ Ω and |u(x) − u(y)| =
‖x − y‖0.4 We write A = {(x, y) ∈ ∂(Ω)2 : ]x, y[ is singular} and set A := ∪(x,y)∈A]x, y[⊂ Ω the
(closed) singular set of u. Next theorem summarizes some known results mainly proved by Bartnik
and Simon in [2]:
Theorem 5.2 The function u defines an area maximizing PS graph. Moreover,
(A) u|Ω−A satisfies (4) and {un|Ω−A}n∈N → u|Ω−A in the C∞-topology,
(B) x0 ∈ A if and only if there exists {xn}n∈N → x0 such that {‖∇un(xn)‖0}n∈N → 1, and
4Recall that u is locally Lipschitzian, hence it extends continously to Ω.
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(C) for any (x, y) ∈ A, {(z, u(z)) : z ∈]x, y[} is a lightlike segment.
Remark 5.2 From Lemma 2.1, (b), different points of A determine disjoint singular segments
of u, hence A is a closed subset of Ω foliated by singular segments of u. If Ω is unbounded and
{Ωn}n∈N is an exhaustion of Ω by bounded domains, we set A := ∪n∈NAn, where An is the singular
set of u|Ωn , n ∈ N. Since An ⊂ An+1 for any n, A is foliated too by inextensible segments in Ω,
but in this case some of them could have infinite length.
Since maximal surfaces are locally graphical, the notions of singular set and singular segment
can be straightforwardly extended to the limit of a sequence of maximal surfaces in R31.
Remark 5.3 The singular set A of the area maximizing PS graph associated to u and the singular
set SX of a conformal maximal immersion X : M→ R31 have different nature and should not be
confused. The set SX lies in the conformal support of X and has vanishing measure, whereas A is
contained in the domain of u possibly with non zero Lebesgue measure.
For instance, the blow up the catenoid is the lightcone. In this case A = R2 and SX has no
sense because the limit is not a conformal maximal surface with singularities.
Given (x, y) ∈ A, we call Σ(x,y) as the unique lightlike plane containing {(z, u(z)) : z ∈]x, y[},
and set σ(x,y) ∈ R2 the unitary vector for which Σ(x,y) = {(z, 〈z, σ(x,y)〉0) : z ∈ R2}. Since
u ∈ W1,2(Ω), ∇u is well defined almost everywhere on Ω (that is to say, on a subset Ω0 ⊂ Ω
having the same Lebesgue measure as Ω). Furthermore, item (A) in Theorem 5.2 implies that
Ω − A ⊂ Ω0, whereas item (C) and the PS property give that ∇u(z) = σ(x,y) provided that
(x, y) ∈ A and z ∈]x, y[∩Ω0.
Therefore, it is natural to define Du : Ω→ R2 by Du|Ω0 = ∇u and Du(z) = σ(x,y) if z ∈]x, y[,
(x, y) ∈ A. Obviously A = ‖Du‖−10 (1).
Proposition 5.1 u ∈ C11(Ω), Du = ∇u and {un}n∈N → u in the C1-topology.
Proof : Take a sequence {xn}n∈N ⊂ Ω converging to x0 ∈ Ω and such that the limit σ :=
limn→∞∇un(xn) exists.
Claim 1: If ‖σ‖0 < 1 then x0 ∈ Ω−A and σ = Du(x0) = ∇u(x0).
Proof : Let D0 ⊂ Ω be a closed disc of positive radius centered at x0. Take ǫ ∈]‖σ‖0, 1[ and without
loss of generality suppose ‖∇un(xn)‖0 < ǫ, for all n ∈ N. Label u∗n as the conjugate function of
un|D0 satisfying u∗n(xn) = 0 (well defined because D0 is simply connected, see equation (5)), and
denote by Sn := {(x, u∗n(x)) : x ∈ D0} the associated minimal graph, n ∈ N. Standard curvature
estimates for minimal graphs give that |Kn| ≤ C1 on D0 for any n ∈ N, where Kn is the Gaussian
curvature of Sn and C1 is a constant depending only on d(D0, ∂(Ω)) > 0. From our hypothesis,
‖∇u∗n‖0(xn) < ǫ√1−ǫ2 , and taking δ > ǫ√1−ǫ2 , the Uniform Graph Lemma for minimal surfaces [19]
implies the existence of a smaller disc D ⊂ D0 centered at x0 such that ‖∇u∗n‖0 < δ on D, for
any n ∈ N. Thus, ‖∇un‖0 < δ√1+δ2 < 1 on D for all k ∈ N. Barnik-Simon results in [2] give that
{unk |D}k∈N → u|D in the C∞−topology and u|D satisfies the maximal surface equation, (that is
to say, D ⊂ Ω−A). In particular, σ = ∇u(x0) = Du(x0) and we are done. ✷
Claim 2: If ‖σ‖0 = 1 then x0 ∈ A and σ = Du(x0).
Proof : It is clear that x0 ∈ A (see Theorem 5.2, (B)). Consider {µn}n∈N → 0, µn > 0, and define
Ωn :=
1
µn
· (Ω− xn) and vn : Ωn → R, vn(y) := 1µn (un(µny + xn)− un(xn)) , n ∈ N.
Let us show that up to subsequences, {vn}n∈N → v in the C0-topology, where v : R2 → R,
v(y) := (y, 〈σ, y〉0). Since vn lie in C01(Ωn) and vanish at the origin, Remark 5.1 yields that, up to
subsequences, {vn}n∈N → v0 in the C0-topology, where v0 ∈ C01(R2). We have to show that v = v0.
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Call G as the entire graph defined by v0, and for any bounded domain Ω
′ ⊂ R2 label AΩ′ as the
singular set of v0|Ω′ . If AΩ′ = ∅ for any Ω′, Theorem 5.2 and Calabi’s theorem would imply that
{vn}n∈N → v0 in the C∞-topology and v0 is a linear map defining a spacelike plane, contradicting
that σ = limn→∞∇vn(0) is a unitary vector. Therefore AR2 6= ∅ and G contains a lightlike straight
line. From Lemma 2.1, G must be a lightlike plane and so R2 is foliated by singular straight lines
of v0. As a consequence, Claim 1 implies that {‖∇vn‖0}n∈N → 1 in the C0-topology over R2.
In the sequel we will assume that Ω is simply connected (otherwise, replace Ω for a small enough
disc centered at x0). Let v
∗
n : Ωn → R denote the conjugate function of vn with initial condition
v∗n(0) = 0, and label Sn as its associated minimal graph. Let Πn denote the tangent plane of
Sn at 0, i.e., the plane passing through 0 and orthogonal in the Euclidean sense to the vector√
1− ‖∇vn‖20 (−∇v∗n, 1) (0) =
(
∇u⊥n ,
√
1− ‖∇un‖20
)
(xn), where ∇u⊥n (xn) = (−∂un∂y , ∂un∂x )(xn).
The limit plane Σ = limn→∞ Πn is orthogonal to (σ⊥, 0), where σ⊥ = (−w2, w1) provided that
σ = (w1, w2).
By standard curvature estimates and the Uniform Graph Lemma for minimal graphs [19], we
can find a graph S′n ⊂ Sn, n ∈ N, such that {S′n}n∈N → Σ in the C∞-topology as graphs over Σ.
Let γˆn(s) : [−L′n, Ln] → Π0 be the arc-length parameterized inextensible arc in Sn ∩ Π0
satisfying γˆn(0) = 0. Write γˆn = (γn, 0), and note that {[L′n, Ln]}n∈N → R and {γn(s)}n∈N → γ0
in the C∞−topology over R, where γ0 : R→ R2 is given by γ0(s) = sσ.
For each n ∈ N, call Gn the maximal graph determined by vn and set αn : [−L′n, Ln] → Gn,
αn(s) := (γn(s), vn(s)), where vn(s) := vn(γn(s)). It is not hard to see that {α′n(s)}n∈N → (σ, 1)
in the C∞−topology. Indeed, since α′n(s) = (γ′n(s), 〈γ′n(s),∇vn(γn(s))〉0), it suffices to check
that {∇vn(γn(s))}n∈N → σ. Taking into account that v∗n(γn(s)) = 0 for any s, we have that
〈∇v∗n(γn(s)), γ′n(s)〉0 = 0, and so, ∇vn(γn(s)) = λn(s)γ′n(s). As {‖∇vn‖0}n∈N → 1 in the C0-
topology, then |λn(s)| → 1 uniformly on compact subsets of R. But {∇vn(0)}n∈N → σ implies
λn(0) = 1, hence {λn(s)}n∈N → 1 and {∇vn(γn(s))}n∈N → σ.
As a consequence, {αn}n∈N converges to the lightlike straight line α0 : R→ G, α0(s) = (sσ, s),
hence G is the lightlike plane containing α0 and v = v0, proving our assertion.
To finish the claim, take a closed disc D ⊂ Ω of positive radius centered at x0, and without loss
of generality, suppose {xn, n ∈ N} ⊂ D. Label µn := max{|un(x) − u(x)|, x ∈ D}, and define vn,
wn : Ωn → R by vn(y) = 1µn (un(µny+xn)−un(xn)), wn(y) = 1µn (u(µny+xn)−u(xn)), n ∈ N.We
know that {vn}n∈N → v, and by Remark 5.1 {wn}n∈N → w in the C0-topology, where w ∈ C01(R2).
If ]x, y[⊂ A be the inextensible singular segment of u containing x0, then the PS graph G′ :=
{(y, w(y)) : y ∈ R2} contains the straight line passing through O and parallel to the lightlike
vector (y − x, u(y) − u(x)). From Lemma 2.1, G′ is the lightlike plane parallel to this vector, and
so w(y) = (y, 〈y,Du(x0)〉0), for any y ∈ R2.
Setting Dn :=
1
µn
(D − xn), the graphs Gn := {(y, vn(y)) : y ∈ Dn} and G′n := {(y, wn(y)) :
y ∈ Dn} satisfy dH(Gn, G′n) ≤ 2, n ∈ N, hence dH(G,G′) ≤ 2. This implies that G and G′ must
be parallel and so σ = Du(x0), which proves the claim. ✷
Claims 1 and 2 imply that {‖∇un −Du‖0}n∈N → 0 in the C0-topology over R2. Let us show that
Du is continuous on Ω. From Theorem 5.2, Du is continuous on Ω−A, and Lemma 2.1, (ii) and
Remark 5.2) show that σ(x,y) depends continuously on (x, y) ∈ A, hence Du is continuous on A
too. Therefore, it suffices to prove that limk→∞Du(yk) = Du(x0), provided that {yk}k∈N ⊂ Ω−A
and limk→+∞ yk = x0 ∈ ∂(A). To see this, use Theorem 5.2, (A) to find a divergent sequence
{nk}k∈N in N such that ‖∇unk(yk) − Du(yk)‖0 < 1/k, for any k ∈ N. From Claims 1 and 2,
limk→+∞∇unk(yk) = Du(x0), and so limk→∞Du(yk) = Du(x0).
Finally, fix x0 ∈ Ω and define du = 〈Du, (dx, dy)〉0. For any x ∈ Ω and any smooth curve α ⊂ Ω
connecting x0 and x one has u(x) = limn→∞ un(x) = limn→∞(un(x0) +
∫
α
dun) = u(x0) +
∫
α
du.
Since du is continuous then u ∈ C11(Ω), concluding the proof. ✷
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5.1 Asymptotic behavior of maximal multigraphs of finite angle
Set G = {(z(x), u(x)) : x ∈ W} a PS multigraph over a wedge W ⊂ R of finite angle. Let
dW be the intrinsic distance in W induced by |dz|2, and fix x0 ∈ W. Since ‖∇u‖0 ≤ 1 and
limx∈W→∞
dW (x0,x)
‖z(x)‖0 = 1, then lim supx∈W→∞
|u(x)|
‖z(x)‖0 ≤ 1 and τ+(r) := 1−min{
u(x)
r : ‖z(x)‖0 =
r} ∈ [0, 2] for any r > 0.
Define τ+(G) := lim supr→+∞ τ+(r), τ−(G) := τ+(−G) and τ(G) = min{τ+(G), τ−(G)}.
Likewise, τ+0 (G) := lim infr→+∞ τ
+(r), τ−0 (G) := τ
+
0 (−G), and τ0(G) = min{τ+0 (G), τ−0 (G)}.
These numbers give different measures of the asymptotic closeness between G and the light
cone. Obviously, τ+(G) ≥ τ+0 (G) and τ−(G) ≥ τ−0 (G).
For θ ∈]0,+∞[, call
Ξ(θ) := inf{τ(G) : G is a maximal multigraph over a wedge of angle θ}
Ξ0(θ) := inf{τ0(G) : G is a maximal multigraph over a wedge of angle θ}
and notice that Ξ(θ) ≥ Ξ0(θ).
The monotonicity formulae τ(G′) ≤ τ(G) and τ0(G′) ≤ τ0(G), provided that G′ ⊂ G, hold
straightforwardly. As a consequence, Ξ(θ′) ≤ Ξ(θ) and Ξ0(θ′) ≤ Ξ0(θ) provided that θ′ ≤ θ.
Lemma 5.1 Ξ(θ) > 0 for any θ ∈]0,+∞[.
Proof : Since τ+(G) = τ−(−G), we have
Ξ(θ) = inf{τ+(G) : G is a maximal multigraph over a wedge of angle θ} ≥ 0.
On the other hand, any multigraph of angle θ contains, up to a translation, a graph over the
wedge Wθ′ for any θ
′ < min{ θ2 , π} (see Section 2). By the above monotonicity argument, if suffices
to prove that
inf{τ+(G) : G is a graph overWθ} > 0
for any θ ∈]0, π[. Reason by contradiction, and assume that there exists θ ∈]0, π[ and sequence of
maximal graphs {Gn}n∈N over Wθ such that limn→∞ τ+(Gn) = 0. Write Gn = {(x, un(x)) : x ∈
Wθ}, and without loss of generality suppose un((0, 0)) = 0, n ∈ N. From equation (1) and up to
scaling depending on n, we can also assume that
un(x)/‖x‖0 ∈ [1− τ+(Gn)− 1
n
, 1], for all x ∈ Wθ ∩ {‖x‖0 ≥ 1} and n ∈ N. (7)
Define v :Wθ → R, v(x) = ‖x‖0, and let us see that
lim
n→∞ sup {‖∇un −∇v‖0 : x ∈ Wθ′ ∩ {‖x‖0 ≥ 1}} = 0,
for any θ′ ∈]0, θ[. Indeed, reason by contradiction and suppose there is a sequence {xn}n∈N in
Wθ′ ∩{‖x‖0 ≥ 1} such that, and up to subsequences, ‖∇un(xn)−∇v(xn)‖0 ≥ ǫ > 0. Call vn(y) :=
1
‖xn‖0un(‖xn‖0 y), for each n ∈ N. The fact that {τ+(Gn)}n∈N → 0, equation (7) and Proposition
5.1 imply that {vn}n∈N → v in the C1-topology on Int(Wθ), contradicting that ‖∇vn( xn‖xn‖0 ) −
∇v( xn‖xn‖0 )‖0 ≥ ǫ > 0 for all n ∈ N and proving our assertion.
Let gn be the holomorphic Gauss map of of Gn. Writing ∇un = ∂un∂x1 + i∂un∂x2 , one has that gn =−i
1+
√
1−‖∇un‖20
∇un. Rewriting the above limit in polar coordinates we infer that limn→∞ sup{|gn(seiξ)+
ieiξ| : (ξ, s) ∈ [−θ′, θ′]× [1,+∞[} = 0, for any θ′ ∈]0, θ[.
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Therefore, fixing θ′ ∈]0, θ[ and ǫ ∈]0,min(12 , θ
′
2 )[, we can find n0 ∈ N large enough in such a way
that |Im(log(gn0)(seiξ))−ξ+π/2| < ǫ and |gn0(seiξ)| > 1− ǫ > 12 , for every s ≥ 1 and ξ ∈ [−θ′, θ′].
An intermediate value argument gives that Cδ := {x ∈ Wθ′ ∩{‖x‖0 ≥ 1} : Im(log(gn0)(x)) = δ} is
non compact and Cδ∩∂ (Wθ′ ∩ {‖x‖0 ≥ 1}) ⊂ {‖x‖0 = 1}, for any δ ∈]−θ′−π/2+2ǫ, θ′−π/2−2ǫ[.
Choose δ in such a way that dgn0 never vanishes along Cδ, and take a divergent regular arc
αδ ⊂ Cδ. As log |gn0 | is strictly monotone on αδ, then limx∈αδ→∞ gn0(x) = rδeiδ, 1 − ǫ ≤ rδ ≤ 1.
In other words, rδe
iδ is an asymptotic value of gn0 at the unique end of Gn0 . This argument works
for infinitely many δ′ ∈] − θ′ − π/2 + 2ǫ, θ′ − π/2 − 2ǫ[ different from δ, and so gn0 has infinitely
many asymptotic values. This contradicts the parabolicity of Gn0 (see for instance Corollary 4.1)
and Theorem 4.1, and proves the lemma. ✷
For any δ ∈]0, π4 [, set Uδ the region {(x1, x2, t) ∈ R31 : arg ((x1, t)) ∈ [π2 , π + δ]}.
Lemma 5.2 Consider a wedge W ⊂ R and a region Ω ⊂ W satisfying that Wπ
2
−D ⊂ Ω ⊂ W,
where D is an open disc centered at the origin. Let G = {(x, u(x)) : x ∈ W} be a maximal
multigraph over W, and call G0 = {(x, u(x)) : x ∈ Ω}. Assume that τ+0 (G) < 1 − tan(δ) and
∂(G0)− π−1(D) ⊂ Uδ for some δ ∈]0, π4 [.
Then lim infy∈+∞
u((y,0))
y ≥ 1 − τ+0 (G). In particular, τ+0 (G) = 0 implies that {(y, u((y, 0))) :
y ∈ R} is an upward lightlike ray.
Proof : Take ǫ ∈] tan(δ), 1− τ+0 (G)[, and let Hǫ ⊂ R31 denote the smallest half space with boundary
plane parallel to {(x1, x2, t) : t− ǫx1 = 0} containing ∂(G0) ∪ Uδ.
Since τ+0 (G) < 1 − ǫ, we can find a divergent sequence {rk}k∈N in [1,+∞[ such that G ∩
π−1({x ∈ Π0 : ‖x‖0 = rk}) ⊂ Hǫ for any k ∈ N. As ∂(G0) ∪ Uδ ⊂ Hǫ then ∂(Gk) ⊂ Hǫ, where
Gk = G0∩π−1({x ∈ Π0 : ‖x‖0 ≤ rk}. The convex hull property gives that Gk ⊂ Hǫ, for any k > 0,
and therefore lim infy∈+∞
u((y,0))
y ≥ ǫ. Since ǫ is an arbitrary real number in ] tan(δ), 1 − τ+0 (G)[
we are done. ✷
Corollary 5.1 Let W be a wedge of angle ≥ 4π and write ∂(W ) = α1 ∪ α2, where αj ∼= [0, 1[,
j = 1, 2. Call θj(W ) = limx∈αj arg(x), j = 1, 2, and θ0(W ) =
θ1(W )+θ2(W )
2 . Consider G :={(x, u(x)) : x ∈ W} a properly embedded maximal multigraph over W, and assume that there is a
region Ω ⊂W and an open disc D ⊂ C ≡ Π0 such that arg−1([θ0(W )− π2 , θ0(W )+ π2 ])−z−1(D) ⊂ Ω
and ∂(G0)− π−1(D) ⊂ Uδ, where G0 = {(x, u(x)) : x ∈ Ω} and δ ∈]0, π4 [.
Then there exists a positive constant Ξ not depending on G such that τ0(G) ≥ Ξ.
Proof : Since ∂(G0)−π−1(D) ⊂ Uδ then lim supr→+∞min{−u(x)r : x ∈ Ω, ‖z(x)‖0 = r} ≤ tan(δ),
hence τ−0 (G) ≥ 1− tan(δ). Thus, it suffices to check that τ+0 (G) ≥ Ξ for a suitable constant Ξ > 0.
Reason by contradiction and take a sequence {(Wn, Gn,Ωn, Dn)}n∈N of wedges, embedded
multigraphs, domains and discs satisfying the above hypothesis and such that limn→∞ τ+0 (Gn) = 0.
Up to a rotations about the t-axis and reparameterizations we will suppose that θ0(Wn) = 0 for
any n ∈ N. Label ln as the proper arc {(y, 0, un(y)) : y ∈ [1,+∞[} in Gn. Using Lemma 5.2 we
get thatlim infy∈+∞
un((y,0))
y ≥ 1 − τ+0 (Gn) ≥ 0. Therefore, up to removing from Wn a suitable
compact subset and choosing a larger Dn, we can suppose that ln ⊂ {t ≥ 0} for any n ∈ N.
Up to scaling, we will also assume that Dn = D for any n ∈ N, and call W = W2π − D.
Moreover, we replace Gn for {(x, un(x)) : x ∈W =W2π −D} keeping the same name for the new
multigraph, for any n ∈ N.
Since Gn is embedded, ∂(Gn) contains an unique proper arc l
′
n lying above ln (and so contained
in {t ≥ 0}) and such that π(l′n) = π(ln). Write W ′ := {p ∈ R : ‖z(p)‖0 ≥ 1 and arg(p) ∈ [0, 2π]}
and Fn = {(x, un(x)) : x ∈ W ′}, and up to the reflection about the origin, suppose that ∂(Fn)
consists of ln ∪ l′n and a suitable subarc of ∂(G) ∩ π−1(∂(D)).
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Take cn ∈]τ+0 (Fn), 2τ+0 (Fn)[ and call Vn := {(x, t) ∈ R31 : |t| > (1 − cn)‖x‖0} and V +n =
Vn∩{t ≥ 0}, n ∈ N. For each ξ ∈ I := [π/2, 3π/2] call Hn(ξ) as the closed half space being tangent
to ∂(V +n ) at Ln(ξ) := {(seiξ, (1 − cn)s) : s ∈ R} and containing V +n . Consider an increasing
divergent sequence {rk}k∈N in ]1,+∞[ such that Fn ∩ π−1({x ∈ Π0 : ‖x‖0 = rk}) ⊂ V +n . Set
F ′n := Fn−V +n and let C be an arbitrary connected component of F ′n∩π−1({x ∈ Π0 : ‖x‖0 ≥ r1}).
Obviously, C is compact and ∂(C) ⊂ ∂(V +n ) ∪ {(y, 0, t) : y, t ≥ 0} ⊂ Hn(ξ), for any ξ ∈ I. The
convex hull property implies that C ⊂ Hn(ξ), and by a standard application of the maximum
principle, ∂(Hn(ξ)) ∩ C = ∅ for any ξ ∈ I. Since this is valid for any connected component C of
F ′n ∩ π−1({x ∈ Π0 : ‖x‖0 ≥ r1}) and ξ ∈ I, we infer that F ′′n := Fn ∩ π−1({x ∈ Π0 : ‖x‖0 ≥
r1, arg(x) ∈ I}) ⊂ V +n and τ+(F ′′n ) ≤ cn. However limn→∞ τ+0 (Fn) = 0 implies that {cn}n∈N → 0,
hence limn→∞ τ+(F ′′n ) = 0 too. We infer that Ξ(π) = 0, contradicting Lemma 5.1 and proving the
corollary. ✷
The existence of lightlike rays in a maximal surface imposes some restrictions on its geometry.
We start with the following lemma.
Lemma 5.3 Let W ⊂ R be a wedge of angle θ ∈]0,+∞[, write ∂(W ) = L1 ∪L2, where L1 and L2
are divergent arcs with the same initial point, and call θj = limx∈Lj arg(x), j = 1, 2. Let c0 ⊂ W
be an arc such that z(c0) is a half line and limx∈z(c0)→∞ arg(x) = ξ ∈]θ1, θ2[.
If X : W → R31 is a maximal multigraph and c := X(c0) is a lightlike ray then c is sublinear
with direction vξ ∈ { 1√2 (eiξ, 1), 1√2 (eiξ,−1)}.
Proof : Any blow-down of c with center O is a lightlike half line in C0 (that is to say, if {µn}n∈N → 0,
µn > 0, then {µnc}n∈N → l, l ⊂ C0). It suffices to consider the blow-down sequence {µnX}n∈N of
maximal multigraphs and take into account Proposition 5.1. ✷
Proposition 5.2 Let N ⊂ R31 be a properly embedded maximal multigraph of finite angle θ > 0,
and assume that ∂(N) can be split into two proper sublinear arcs l1 and l2 with lightlike directions
v1 and v2, respectively.
Then v1 = ±v2, and limx∈N→∞ g(x) = st0(w), where g is the holomorphic Gauss map of N
and w = − 1t(v1)v1. In particular, the underlying complex structure of N is parabolic.
Proof : Up to removing a suitable compact subset suppose that O /∈ π(N), and as usual call
arg : N → R a branch of the argument of π|N . Write θj = limx∈lj→∞ arg(x), j = 1, 2, and suppose
without loss of generality that θ1 < θ2. Fix a compact arc l0 ⊂ ∂(N). From the definition of
multigraph, it is not hard to construct a foliation F(ξ, u) : [θ1, θ2]× [0,+∞[→ N satisfying:
(i) lξ := F(ξ, ·) is a proper arc with initial point in l0, for any ξ ∈]θ1, θ2[, and lθj = lj up to a
compact subset, j = 1, 2.
(ii) For any ǫ > 0, there is a closed disc D(ǫ) ⊂ Π0 such that π(lξ) −D(ǫ) is a half line, for any
ξ ∈]θ1 + ǫ, θ2 − ǫ[.
(iii) u is the Euclidean arclength parameter of π(lξ), ξ ∈ [θ1, θ2], and
lim
u→∞max{| arg(F(ξ, u))− ξ| : ξ ∈ [θ1, θ2]} = 0.
Let F ⊂ [θ1, θ2] be the closure of F0 := {ξ ∈ [θ1, θ2] : lξ is a lightlike ray}. Since blow-
downs of lightlike rays are lightlike half straight lines and F0 is dense in F, any blow-down of
NF := F(F × [0,+∞[) with center the origin is a closed countable collection of angular regions5
5W ⊂ C0 is said to be an angular region if either W = pi−1(Wθ) ∩ C
+
0
or W = pi−1(Wθ) ∩ C
−
0
, where θ ∈ [0, 2pi].
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in C0 (some of them could be lightlike rays). This argument and Proposition 5.1 (see also Lemma
5.3) show that lξ is a sublinear arc with lightlike direction vξ ∈ { 1√2 (eiξ, 1), 1√2 (eiξ,−1)}, for every
ξ ∈ F.
Let us see that F is a compact totally disconnected set. Reason by contradiction and suppose
there exists a closed interval J ⊂ F of length |J | > 0. Then, any blow-down ofNJ := F(J×[0,+∞[)
with center O is an angular region of C0 of positive angle, and thus τ(Nj) = 0. This contradicts
Lemma 5.1 and proves our assertion.
Claim 1: If {pn}n∈N ⊂ N is divergent and limn→∞ arg(pn) = ξ ∈ F, then limn→∞ g(pn) =
st0(wξ), where wξ = − 1t(vξ)vξ.
Proof : Call µn := d(pn, lξ) and take qn ∈ lξ satisfying ‖pn − qn‖0 = µn, n ∈ N. Set G :=
arg−1([ξ − δ, ξ+ δ]), δ ∈]0, π[, and put Gn := 1λn (G− qn), where λn := max{µn, 1}, for any n ∈ N.
Since { qnλn }n∈N is divergent, {Gn}n∈N converges in the C0-topology to either an entire graph
over Π0 containing a lightlike straight line parallel to vξ (if ξ /∈ {θ1, θ2}) or a graph over a closed
lightlike half plane H ⊂ Π0 with boundary parallel to vθj , j ∈ {1, 2} (if ξ ∈ {θ1, θ2}). Anyway,
Lemma 2.1 gives that G∞ is either a lightlike plane or a lightlike half plane bounded by a lightlike
line. The claim follows from Proposition 5.1. ✷
The closure of a connected component of [θ1, θ2] − F is defined to be a good component of
[θ1, θ2]. As above, if I is a good component we set NI := F(I × [0,+∞[).
Claim 2: If I = [ξ1, ξ2] is a good component of [θ1, θ2], then the limit wI := limx∈NI→∞ g(x)
exists. In particular, wI = wξ1 = wξ2 .
Proof : Define H1 = {x ∈ R31 : ‖x‖ ≤ 1}, and let us show that lξ ∩ H1 is compact for every ξ ∈
]ξ1, ξ2[. It suffices to check that any divergent subarc l
′
ξ ⊂ lξ satisfying that π(l′ξ) ⊂ {seiξ : s ≥ 0}
intersects H1 in a compact set. Assume that l′ξ ∩ H1 6= ∅ (otherwise we are done), and note that
l′ξ can not lie in H1 because otherwise l′ξ would be a lightlike ray. Therefore, l′ξ ∩ ∂(H1) 6= ∅. Since
l′ξ has slope < 1 and the hyperbola π
−1({seiξ : s ≥ 0}) ∩H1 is timelike, then l′ξ and ∂(H1) meet
only once, proving our assertion.
Thus we can find an smooth proper arc in c ⊂ NI − H1, c ∼=]0, 1[, satisfying that arg |c is
monotone and arg(c) =]ξ1, ξ2[. Set N
′
I ⊂ NI the simply connected region bounded by c and disjoint
from ∂(NI), and note that N
′
I has parabolic underlying conformal structure (use that N
′
I ∩H1 = ∅
and Theorem 4.2). On the other hand, splitting c into two divergent arcs c1 and c2 with the same
initial point and using Claim 1, we have that, up to relabeling, limx∈cj→∞ g(x) = wξj , j = 1, 2.
By Theorem 4.1, wξ1 = wξ2 and limx∈N ′I→∞ g(x) = wξ1 .
To finish, take a compact arc c0 ⊂ NI connecting ∂(NI) and ∂(N ′I) and splitting NI − Int(N ′I)
into two regions N jI , j = 1, 2. The spacelike property guarantees that N
j
I is contained in a
spacelike half space, hence it is parabolic by Corollary 4.1. As above limx∈NjI→∞ g(x) = wξ1 ,
j = 1, 2, completing the proof. ✷
Claim 2 and a connection argument give that w := wI does not depend on the good component
I of [θ1, θ2] and limx∈N→∞ g(x) = w. Since |g| < 1 on N, then h := − log |g−w|+log 2 is a positive
proper harmonic function on N, proving that N is parabolic and concluding the proof. ✷
Corollary 5.2 Let N be as in Proposition 5.2, but allowing that ∂(N) contains lightlike subarcs.
Then v1 = ±v2 and limx∈N−∂(N)→∞ g(x) = st0(w), where w = − 1t(v1)v1.
Moreover, if in addition N is a ∗maximal surface then its underlying complex structure is
parabolic.
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Proof : Consider a properly embedded maximal multigraph N ′ in R31 contained in N − ∂(N) and
with the same angle of N. If ∂(N ′) is close enough to ∂(N), ∂(N ′) can be also split into two proper
spacelike sublinear subarcs l′1 and l
′
2 with directions v1 and v2, respectively, and Proposition 5.2
applies to N ′. Since N ′ is any arbitrary region of N satisfying these conditions, the first part of
the corollary easily holds. For the second part, take a conformal parameterization X :M→ R31 of
N and note that g has well defined limit at the end of M. Reasoning like in Proposition 5.2 M is
parabolic. ✷
Remark 5.4 Any maximal multigraph N satisfying the hypothesis of Proposition 5.2 or Corollary
5.2 is asymptotically weakly spacelike. Indeed, simply observe that any spacelike straight line not
orthogonal to v1 intersects N into a compact set.
Now we can prove the following uniqueness result.
Proposition 5.3 Let G be an entire PS graph which is a maximal surface except on a closed
lightlike half line l ⊂ G. Then G is congruent in the Lorentzian sense to Enneper’s graph E2.
Proof : Up to a Lorentzian isometry, put l = {(x1, x2, t) ∈ R31 : x1 = x2 − t = 0, t ≥ 0}.
Set G0 = G − l and l0 = l − {O}. From Riemann’s uniformization theorem, G0 is conformally
equivalent to either C or U. Since g is not constant and |g| < 1 on G0, then necessarily G0 ≡ U.
Label X : U→ R31 as the associated conformal parameterization of G0.
Claim 1: If {zn}n∈N ⊂ U and {X(zn)}n∈N → p0 ∈ l0 ∪ {∞} then limn→∞ g(zn) = 1.
Proof : Label λn = d(X(zn), l), and let us see that {g(zn)}n∈N → 1 provided that limn→∞X(zn)/λn =
∞. Indeed, the sequence {Gn := 1λn ·(G−X(zn))}n∈N converges in the C0-topology to an entire PS
graph G∞ containing a lightlike straight line parallel to {x1 = x2−t = 0}, hence G∞ = {x2−t = 0}
from Lemma 2.1. The assertion follows from Proposition 5.1.
Applying Proposition 5.2 to G− π−1({|x1| < δ, x2 > −δ} for any δ > 0, the claim holds. ✷
Fatou’s theorem guarantees that g : U→ D has well defined angular limits a. e. on ∂(U) ≡ R,
and since g is not constant, Privalov’s theorem gives that these limits are different from 1 a. e. on
∂(U). By Claim 1 and a connectedness argument, we infer that any two sequences {zn}n∈N, {z′n}n∈N
satisfying limn→∞X(zn), limn→∞X(z′n) ∈ l0 ∪ {∞} converge to the same point z0 ∈ R ∪ {∞}
(up to a conformal transformation we will suppose z0 = ∞). Therefore, limz→rX(z) = O for all
r ∈ R, and from equation (2) we get that |g| = 1 on R ∪ {∞}. By Schwarz reflection, X and g
extend to C and C, respectively, and dg 6= 0 on ∂(U) ∪ {∞}. The extended map X : C → R31 is a
conformal maximal immersion with lightlike singular set R and X(U) = G0 ∪ {O}.
Set u := ((t− x2) ◦X) |U and label u∗ as its harmonic conjugate.
Claim 2: The holomorphic map h : U→ C, h := u+ iu∗, is injective and h(U) = {z ∈
C : Re(z) ≥ 0}.
Proof : From equation (1), G ⊂ ∩x∈lExt(Cx) ⊂ {t − x2 ≥ 0}. Then, the maximum principle gives
that G0 ⊂ {t − x2 > 0}, that is to say, u−1(0) = R. Furthermore, as U is parabolic and u is not
constant (see Section 4), then u is non negative and unbounded.
Basic theory of harmonic functions says that u−1(a) consists of a proper family of analytical
curves meeting at equal angles at singular points of u, a ≥ 0. Let us show that u−1(a) consists of a
unique regular analytical arc, for any a ≥ 0. Indeed, otherwise we can found a region Ω ⊂ U such
that 0 ≤ u|Ω ≤ a and u|∂(Ω) = a, contradicting the parabolicity of Ω.
Since u∗|u−1(a) is one to one for any a ≥ 0, then h is injective. Furthermore, h(U) is parabolic
simply connected open subset of {z ∈ C : Re(z) ≥ 0}, and so h(U) = {z ∈ C : Re(z) ≥ 0}, which
proves the claim. ✷
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Up to a conformal transformation, we have h(z) = iBz, B ∈ R − {0}, B < 0, and since
dh = iφ3 − φ2 = −i (g−1)
2
2g φ3, then φ3 = −B 2g(g−1)2 dz. As G has a unique topological end, then
g−1(1) = ∞. Moreover, dg 6= 0 along R ∪ {∞} gives that g|R∪∞ is one to one, and so g(z) =
(z − ir)/(z + ir), where r ∈ R and |(1 − r)/(1 + r)| < 1. Up to conformal reparameterizations,
Lorentzian isometries and homotheties, these are the Weierstrass data of E2. ✷
5.2 Finiteness of maximal graphs with planar boundary
Let Ω be a region in R2. A non flat maximal graph G = {(x, u(x)) : x ∈ Ω} is said to be supported
on Ω if u|Ω−∂(Ω) satisfies equation (4) and u = 0 on ∂(Ω) (in particular, Ω can not be compact).
Assume that G = {(x, u(x)) : x ∈ Ω} is supported on Ω and denote by G(R) (resp., Ω(R))
the intersection G ∩ (D(R)× R) (resp., Ω ∩D(R)), where D(R) = {x ∈ R2 : ‖x‖0 ≤ R}, R > 0.
Let A(G(R)) denote the area of G(R) computed with the Riemannian metric induced by 〈, 〉 on
G. The spacelike condition ‖∇u‖0 < 1 gives the following trivial estimate:
A(G(R)) =
∫
Ω(R)
√
1− ‖∇u‖20 da ≤ A0(Ω(R)) ≤ πR2 (8)
where da is the Euclidean area element in R2 and A0(Ω(R)) is the Euclidean area of Ω(R) in R
2.
The following theorem has been inspired by Li-Wang work [16].
Theorem 5.3 Let {Gi}ki=1 be a set of k maximal simply connected graphs in R31 defined by the
functions {ui}ki=1 with disjoint supports {Ωi}ki=1 in R2. Let us assume that ‖∇ui‖0 ≤ 1 − ε, for
any i = 1, . . . , k, where ε ∈]0, 1[.
Then k ≤ 8ε(2−ε) .
Proof : Without loss of generality, suppose O /∈ ∪ki=1Ωi. Since O /∈ Ωi, ui|∂(Ωi) = 0 and ‖∇ui‖0 ≤
1− ε, we get from (1) that |ui(x)| ≤ (1 − ε)‖x‖0 on Ωi, i = 1, . . . , k.
Fix R0 > 0 such that Gi(R0) 6= ∅ for i = 1, . . . , k. As |ui| ≤ (1−ε)R on Gi(R) and A(Gi(R)) ≤
πR2 for any R ≥ R0 and i ∈ {1, . . . , k}, then for any m ≥ 1 we obtain
m∏
j=0
k∏
i=1
∫
Gi(2jR0)
|ui|dx∫
Gi(2j+1R0)
|ui|dx =
k∏
i=1
∫
Gi(R0)
|ui|dx∫
Gi(2m+1R0)
|ui|dx ≥ α((1 − ε)2
3(m+1)πR30)
−k,
where dx is the intrinsic area element and α =
∏k
i=1
∫
Gi(R0)
|ui|dx.
Hence, there exists 0 ≤ t ≤ m such that∏ki=1
R
Gi(2
tR0)
|ui|dxR
Gi(2
t+1R0)
|ui|dx ≥ 2−3kα1/(m+1)((1−ε)πR30)−k/(m+1),
and by the arithmetic means we infer that
k∑
i=1
∫
Gi(2tR0)
|ui|dx∫
Gi(2t+1R0)
|ui|dx ≥ k(
k∏
i=1
∫
Gi(2tR0)
|ui|dx∫
Gi(2t+1R0)
|ui|dx )
1/k ≥ 2−3kα 1(m+1)k ((1− ε)πR30)−1/(m+1) (9)
On the other hand, labeling Mi = max{ |ui(x)|R
Gi(2
t+1R0)
|ui|dx : x ∈ Gi(2tR0)}, i = 1, . . . , k, we have
k∑
i=1
∫
Gi(2tR0)
|ui|dx∫
Gi(2t+1R0)
|ui|dx ≤ max{Mi : i = 1, . . . , k}(
k∑
i=1
A(Gi(2
tR0))).
Using that ui’s are disjointly supported and equation (8), we have
∑k
i=1A(Gi(2
tR0)) ≤
∑k
i=1 A0(Ωi(2
tR0)) =
A0(∪ki=1Ωi(2tR0)) ≤ π(2tR0)2, and so
k∑
i=1
∫
Gi(2tR0)
|ui|dx∫
Gi(2t+1R0)
|ui|dx ≤
|ui0(x0)|∫
Gi0(2
t+1R0)
|ui0 |dx
π(2tR0)
2, (10)
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for some 1 ≤ i0 ≤ k and (x0, ui0(x0)) ∈ Gi0(2tR0).
As Ωi0 is simply connected, then the conjugate minimal graph G
∗
i0 = {(x, u∗i0(x)), : x ∈ Ωi0}
of Gi0 is well defined (see equation (5)). Since ui0 is harmonic on G
∗
i0
and vanishes on ∂(G∗i0 ), the
mean value property for subharmonic functions on minimal surfaces gives
|ui0(x0)| ≤
1
π(2tR0)2
∫
G∗i0
∩B(p0,2tR0)
|ui0(y)|d∗y,
where p0 = (x0, u
∗
i0
(x0)), B(p0, 2
tR0) is the Euclidean ball of radius 2
tR0 centered at p0, and d
∗y
is the Euclidean area element on G∗i0 .
From equation (5), d∗y =
√
1 + ‖∇u∗i0‖2da = 1√1−‖∇ui0‖20 da ≤
1
ε(2−ε)dx. SinceG
∗
i0
∩B(p0, 2tR0) ⊂
D(2t+1R0)× R, we deduce that
|ui0(x0)| ≤
1
ε(2− ε)
1
π(2tR0)2
∫
Gi0(2
t+1R0)
|ui0(y)|dx,
and from (10),
∑k
i=1
R
Gi(2
tR0)
|ui|dxR
Gi(2
t+1R0)
|ui|dx ≤ 1ε(2−ε) . Equation (9) gives
2−3kα
1
(m+1)k ((1 − ε)πR30)−1/(m+1) ≤
1
ε(2− ε) ,
and taking the limit as m→∞, we obtain k ≤ 8ε(2−ε) , concluding the proof. ✷
6 Maximal surfaces with connected lightlike boundary of
mirror symmetry
Let us go over some basic definitions and properties, thereby fixing some notations and conventions.
Throughout this section, M be a Riemann surface whose boundary consists of a non compact
analytical arc Γ, and X :M→ R31 a conformal proper ∗maximal embedding. As usual we identify
M≡ X(M) ⊂ R31 and Γ ≡ X(Γ) ⊂ R31.
From Lemma 2.2, π|M : M → Π0 is a local embedding. Moreover, since Γ is a regular
lightlike arc then its orthogonal projection over the t-axis is one to one and we can write Γ ≡
{Γ(s) := (γ(s), s) ∈ R31 : s ∈ R}, where s := t|Γ is the Euclidean arclength of γ ⊂ R2 ≡ Π0.
Up to a translation, we assume that Γ passes through q0 := (1, 0, 0) (and so Γ(0) = (1, 0, 0) and
γ(0) = (1, 0)). Since any spacelike plane and Γ meet transversally at a unique point, then
Γ− {q} ⊂ Int(Cq), for any q ∈ Γ. (11)
Let g :M→ D denote the holomorphic Gauss map ofM, and recall that |g|(p) = 1 if and only if
p ∈ Γ. Thus the argument function Im(log(g)) has a well defined one to one branch, namely θ, along
Γ. Labeling θ− := inf(θ(Γ)) and θ+ := sup(θ(Γ)), the function θ(s) : R→]θ−, θ+[, θ(s) := θ(Γ(s))
is a diffeomorphism and provides a global parameter along Γ. Up to a ambient isometry, we will
assume that θ′(s) > 0 and θ(0) = 0.
From equation (2), γ′(s) = ig(s) = ieiθ(s), and so in complex notation γ(s) = 1 + i
∫ s
0
eiθ(x)dx.
Up to a symmetry with respect to a timelike plane, we can assume that θ′(s) > 0, hence lims→+∞ θ(s) =
θ+ and lims→−∞ θ(s) = θ−. By definition, the rotation number θM ofM is the change of the tan-
gent angle along γ. Obviously, θM = θ+ − θ− ∈ [0,+∞].
As a consequence of Lemma 2.2, π :M→ Π0 satisfies the following path-lifting property:
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Given an interval I, a0 ∈ I, a curve β(a) : I → Π0 and p0 ∈ π−1(β(a0)) ∩M, there exists a
unique inextendible curve β˜ : J →M in M such that a0 ∈ J ⊂ I, β˜(a0) = p0 and π ◦ β˜ = β|J .
The curve β˜ is said to be the lifting of β to M with initial condition β˜(a0) = p0. Note that
either J = I or at least one of the endpoints of β˜ lies in Γ.
For each s ∈ R, take an open simply connected neighbourhood Vs of Γ(s) inM such that Γ∩Vs
is connected and π|Vs : Vs → π(Vs) is one to one. Then label n(s) ∈ Π0 as the unit normal to γ at
γ(s) interior to π(Vs). Obviously, n(s) does not depend on the chosen neighbourhood Vs.
Set αs : [0,+∞[→ Π0, αs(a) = γ(s) + an(s), and consider the lifting α˜s : J →M of αs to M
with initial condition α˜s(0) = Γ(s). The property Γ − {Γ(s)} ⊂ Int(CΓ(s)) and equation (1) give
α˜s ∩ Γ = Γ(s), hence from the properness of α˜s we have J = [0,+∞[.
On the other hand, γ′(s) = ig(s) := ig(γ(s)) implies that n(s) = ±g(s) (this ambiguity will
be solved in the next Lemma). Taking into account that g′(s) 6= 0 for all s ∈ R, we deduce that
γ is locally convex, and so γ ∩ π(Vs) lies at one side of the tangent line rs of γ at γ(s). Let P+s
and P−s denote the two closed half planes in Π0 bounded by rs, and up to relabeling suppose
γ ∩ π(Vs) ⊂ P−s .
Figure 3: Γ, γ, γ′(s), g(s) and n(s).
Lemma 6.1 The normal vector n(s) points to P+s and n(s) = g(s) = −iγ′(s).
As a consequence, F0 : R× [0,+∞[→M, F0(s, a) := α˜s(a) is a diffeomorphism.
Proof : Reason by contradiction and suppose there exists s0 ∈ R such that n(s0) points to P−s0 .
By a connection argument, n(s) points to P−s for any s ∈ R. Take Vs0 as above, and observe that
without loss of generality we can suppose that π(Vs0 ) is convex and contained in P
−
s , for every s
such that Γ(s) ∈ Vs0 . Take a segment ζ ⊂ π(Vs0 ) connecting two points p, q ∈ π(Γ). Call ζ˜ ⊂ Vs0
its corresponding lifting, and observe that ζ˜ connects two points p˜, q˜ ∈ Γ ∩ Vs0 . The spacelike
property gives |t(q)− t(p)| < ‖p− q‖0, which contradicts equation (11) and proves that n(s) points
to Π+s for any s. As a consequence of the convexity of γ, n
′(s) = κ(s)γ′(s), κ(s) > 0. Taking into
account that n(s) = ±g(s), g′(s) = θ′(s)γ′(s) and θ′(s) > 0, we get that n(s) = g(s).
To finish, note that F0 is a local diffeomorphism (take into account Lemma 2.2). Hence, it
suffices to check that F0 is proper. Take a divergent sequence {(sn, an)}n∈N ⊂ R × [0,+∞[, and
write pn := F0(sn, an), n ∈ N.
If {sn}n∈N is bounded and {an}n∈N is divergent, the properness ofM implies that {π(pn)}n∈N
and {pn}n∈N diverge.
Assume that {sn}n∈N diverges and, reasoning by contradiction, suppose that {pn}n∈N → p0 ∈
R31. The properness of M gives that p0 ∈ M. Furthermore, since Γ is a lightlike curve (see also
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equation (11)) it is not hard to check that p0 /∈ Γ. Let V ⊂ M − Γ be a neighbourhood of p0
whose projection Π(V ) is a closed disc, and without loss of generality suppose pn ∈ V for any
n ∈ N (recall that M is properly embedded). For any q ∈ π(V ) and η ∈ S1 set βq,η : R → Π0,
βq,η(a) = q + aη, and let β˜q,η denote the lifting of βq,η with initial condition β˜q,η(0) = q. Since
no spacelike arc projecting onto a segment can connect two points of Γ, we deduce that β˜q,η ∩ Γ
consists of at most one point. The first part of the lemma gives that A := Γ∩
(⋃
(q,η)∈π(V )×S1 β˜q,η
)
is a connected closed subset of Γ and θ(A) is a relatively closed interval in ]θ−, θ+[ of finite length.
On the other hand, by the unique lifting property there are qn ∈ π(V ) and ηn ∈ S1 such that
β˜qn,ηn = α˜sn for any n ∈ N, and therefore {Γ(sn)}n∈N ⊂ A. Since {Γ(sn)}n∈N is divergent, A can
not be compact and either {Γ(sn)}n∈N → θ+ < +∞ or {Γ(sn)}n∈N → θ− > −∞. Suppose that
{Γ(sn)}n∈N → θ+ < +∞ (the other case is similar) and note that limn→∞ Γ′(sn) = (eiθ+ , 1) and
limn→∞ n(sn) = eiθ
+
. Hence, the sequence of curves {α˜sn : n ∈ N} is uniformly divergent (i.e.,
for any compact C ⊂ R3 there is n0 ∈ N such that α˜sn ∩C = ∅ for any n ≥ n0), which contradicts
that {pn}n∈N → p0 and concludes the proof. ✷
Definition 6.1 The submersion Θ0 : M →]θ−, θ+[, Θ0(F0(s, a)) := θ(s), is said to be the ar-
gument function of M. For any subset I ⊂ Θ0(M) =]θ−, θ+[, we call MI := Θ0−1(I) ⊂ M,
ΓI :=MI ∩ Γ = θ−1(I) and γI := π(ΓI).
Note that ∂(MI) = ΓI∪α˜s1∪α˜s2 , ΓI∪α˜s2 or ΓI∪α˜s1 , provided that I =]θ(s1), θ(s2)[, I =]θ−, θ(s2)[
or I =]θ(s1), θ
+[, respectively, where s1, s2 ∈ R.
An open interval I ⊂ Θ0(M) is said to be good if |I| ≤ π. A good interval I is said to be a tail
interval if one of its endpoints lies in {θ−, θ+}.
Let I =]θ(s1), θ(s2)[⊂ Θ0(M) be a good interval, where s1, s2 ∈ R. Since the change of the
tangent angle along γI is ≤ π, then γI is an embedded arc. From Lemma 6.1, the arcs αs1 ,
γI and αs2 are laid end to end and form an embedded divergent arc. Furthermore, the family
{αs(]0,+∞[), s ∈]s1, s2[} foliates the domain ΩI ⊂ Π0 bounded by π(∂(MI)) and with interior
normal n along γI . Thus ΩI is a wedge of angle θ(s2)− θ(s1) andMI is a maximal graph over ΩI .
The case when I is a tail interval admits a similar discussion. First define
γ′(−∞) := lim
s→−∞ γ
′(s) = −ieiθ− and γ′(+∞) := lim
s→+∞ γ
′(s) = ieiθ
+
provided that θ− > −∞ and θ+ < +∞, respectively. If I =]θ−, θ(s2)] (resp., I =]θ(s1), θ+[),
then γI is a sublinear arc with direction −γ′(−∞) (resp., γ′(+∞)), and ΩI is the wedge of angle
θ(s2) − θ− + π2 (resp., θ+ − θ(s1) + π2 ) bounded by γI ∪ αs2 (resp., αs1 ∪ γI). If I = Θ0(M) is a
good interval, MI =M and ΩI = π(M) is a wedge of angle θ+ − θ− + π.
These facts have been summarized in the following lemma:
Lemma 6.2 If I ⊂ Θ0(M) is a good interval then ΩI := π(MI −ΓI) is a planar domain bounded
by the Jordan arc π(∂(MI)). Moreover, ΩI is a wedge of angle θ(s2) − θ(s1), θ(s2) − θ− + π2 ,
θ+ − θ(s1) + π2 or θ+ − θ− + π, provided that I =]θ(s1), θ(s2)[, I =]θ−, θ(s2)[, I =]θ(s1), θ+[ or
I = Θ0(M), respectively, and π :MI → ΩI is bijective.
In the sequel we write MI = {(x, uI(x)) : x ∈ ΩI ∪ γI}, for any good interval I ⊂ Θ0(M).
6.1 The blow-down multigraph of ∗maximal surfaces with connected
boundary
Fix a sequence of positive real numbers {λj}j∈N satisfying limj→+∞ λj = 0, and consider the
associated blow-down sequence of shrunk surfaces {Mj := λj ·M, j ∈ N}.
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From the conformal point of view, Mj = M and both Riemann surfaces have the same holo-
morphic Gauss map g. Therefore, we can choose the same branch θ of Im(log(g)) along Γj := λj ·Γ.
We also denote by γj := π ◦ Γj and observe that γj = λj · γ. Lemma 6.1 applies to Mj and the
corresponding diffeomorphism Fj : R× [0,+∞[→Mj is now given by
Fj(λj(s, a)) = λjF0(s, a), (s, a) ∈ R× [0,+∞[.
Likewise we define the argument function Θj :Mj →]θ+, θ+[ and the objects MIj , ΓIj and γIj , for
any I ⊂ Θj(Mj) = Θ0(M). It is obvious that Θj(λjp) = Θ0(p) for any p ∈M, andMIj = λj ·MI ,
ΓIj = λj ·ΓI and γIj = λj · γI . If I is a good interval, Lemma 6.2 gives thatMIj is a maximal graph
over the wedge ΩIj := π(MIj ) = λj · ΩI as well.
Lemma 6.3 If I ⊂ Θ0(M) is a good interval, then {ΩIn}n∈N converges in the Hausdorff distance
to the domain ΩI
∗
∞ ⊂ Π0 given by:
(i) If I =]θ(s1), θ(s2)[, s1, s2 ∈ R, then I = I∗ and ΩI∞ is the interior of the wedge of angle
θ(s2)− θ(s1) with boundary α0s1 ∪ α0s2 , where α0sj (a) = an(sj) for any a ∈ [0,+∞[, j = 1, 2.
(ii) If I =]θ−, θ(s2)[, then I∗ =]θ− − π2 , θ(s2)[ and ΩI
∗
∞ is the interior of the wedge of angle
θ(s2)− θ− + π2 with boundary α0−∞ ∪ α0s2 , where α0−∞(a) = −a γ′(−∞) for any a ∈ [0,+∞[.
(iii) If I =]θ(s1), θ
+[, then I∗ =]θ(s1), θ+ + π2 [ and Ω
I∗∞ is the interior of the wedge of angle
θ+ − θ(s1) + π2 with boundary α0s1 ∪ α0+∞, where α0+∞(a) = aγ′(+∞) for any a ∈ [0,+∞[.
(iv) If I = Θ0(M), then I∗ =]θ− − π2 , θ+ + π2 [ and ΩI
∗
∞ is the interior of the wedge of angle
θ+ − θ− + π with boundary α0−∞ ∪ α0+∞.
Moreover, up to subsequences {MIj −ΓIj}j∈N →MI
∗
∞ in the C0-topology, where MI
∗
∞ is a PS graph
over ΩI
∗
∞ with boundary given by:
(i)’ If I =]θ(s1), θ(s2)[ then ∂(MI∗∞) = α˜0s1 ∪ α˜0s2 , where α˜0sj is a divergent arc with initial point
O and projecting in a one to one way onto α0sj , j = 1, 2.
(ii)’ If I =]θ−, θ(s2)[ then ∂(MI∗∞) = α˜0−∞ ∪ α˜0s2 , where α˜0−∞ := {−aΓ′(−∞) : a ∈ [0,+∞[} and
Γ′(−∞) = lims→−∞ Γ′(s) = 1√2 (ieiθ
−
, 1) and α˜0s2 is given as above.
(iii)’ If I =]θ(s1), θ
+[ then ∂(MI∗∞) = α˜0+∞ ∪ α˜0s1 , where α˜0+∞ := {aΓ′(+∞) : a ∈ [0,+∞[} and
Γ′(+∞) = lims→+∞ Γ′(s) = 1√2 (ieiθ
+
, 1) and α˜0s1 is given as above.
(iv)’ If I = Θ0(M) then ∂(MI∗∞) = α˜0−∞ ∪ α˜0+∞.
Proof : For any s ∈ R write αs,j := λjαs.
If I =]θ(s1), θ(s2)[, we have ∂(Ω
I
j ) = αs1,j ∪ γIj ∪ αs2,j , hence limj→∞ dH(∂(ΩIj ), ∂(ΩI∞)) = 0.
This obviously implies that dH(Ω
I
j ,Ω
I∞) → 0 as j → ∞ and proves (i). When I =]θ−, θ(s2)[,
∂(ΩIj ) = γ
I
j ∪ αs2,j . Taking into account that the divergent arc γIj is sublinear with direction
−γ′(−∞), {dH(ΩIj ,ΩI∞)}j∈N → 0 as well, proving (ii). The cases (iii) and (iv) are similar.
From Remark 5.1, and up to taking a subsequence, {MIn−ΓIj}n∈N converges in the C0-topology
to a PS graph MI∗∞ over ΩI
∗
∞ which can be extended continuously to ΩI
∗
∞.
Item (i)′ is straightforward. If I =]θ−, θ(s2)[ then ΓI is a sublinear arc with direction Γ′(−∞),
hence limj→+∞ ΓIj = α˜
0−∞ and α˜0−∞ ⊂ ∂(MI
∗
∞), proving (ii)′. The cases (iii)′ and (iv)′ are similar.
✷
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Let I denote the family of good intervals in Θ0(M), and set I0 = {]c, d[∈ I : [c, d] ⊂ Θ0(M)}.
Note that I ∈ I0 if and only if I = I∗ (i.e., I is not a tail interval).
Take a covering G := {Ik : k ∈ N} of Θ0(M) by good intervals containing a tail interval
]θ−, b[ provided θ− ∈ R, and likewise if θ+ ∈ R. For each k ∈ N and from Lemma 6.3, we can find
a subsequence of {MIkj − ΓIkj }j∈N, which depends on k, converging on compact subsets of ΩI
∗
k∞ to
a PS graph. A standard diagonal process leads to a subsequence, namely {Mj(k)}k∈N, such that
{MIhj(k) − ΓIhj(k)}k∈N converges in the C0-topology to a PS graph M
I∗h∞ on Ω
I∗h∞ for all h ∈ N. Up
to replacing {Mj, j ∈ N} for {Mj(k), k ∈ N}, we can suppose that {MIhj − ΓIhj }j∈N →MI
∗
h∞ for
any h ∈ N. Moreover, since any I ∈ I can be covered by finitely many intervals in G, we also have
{MIj−ΓIj}j∈N →MI
∗
∞ in the C0-topology over ΩI
∗
∞. In the sequel we writeMI
∗
∞ = {(x, uI
∗
∞(x)), x ∈
ΩI
∗
∞} for any I ∈ I, and observe that uI
∗
1∞ = u
I∗2∞ on Ω
I∗1∞ ∩ΩI
∗
2∞, for any I1, I2 ∈ I.
Let ΩˆI
∗
∞ denote the marked domain {(x, I) : x ∈ ΩI
∗
∞}, I ∈ I. Set O := ∪I∈IΩˆI
∗
∞ the direct
sum of the topological spaces {ΩˆI∗∞, I ∈ I}, and likewise define O0 := ∪I∈I0ΩˆI
∗
∞ = ∪I∈I0ΩˆI∞.
Consider on both spaces the equivalence relation: (x1, I1) ∼ (x2, I2) if and only if J = I1 ∩ I2 6= ∅
and x1 = x2 ∈ ΩJ∗∞ .
Definition 6.2 We set W := O/ ∼ and W0 := O0/ ∼ endowed with the quotient topology.
It is natural to define an argument function Θ∞ : W0 → Θ0(M) as the ”limit” of {Θj : Mj →
Θ0(M)}j∈N. Indeed, take p = [(x, I)] ∈ W0 and an arbitrary sequence {pj}j∈N such that pj ∈
MIj − ΓIj and limj→+∞ pj = (x, uI∞(x)) ∈ MI∞. Writing pj = λjF0(sj , aj), we have Θj(pj) =
Θ0(F0(sj , aj)) = θ(sj) ∈ I, j ∈ N. Taking into account that I ∈ I0, we infer that the limit
s := limj→+∞ sj exists and depends only on p. Furthermore, limj→+∞ Θj(pj) = θ(s) ∈ I and
eiθ(s) = x/‖x‖0. Thus, it suffices to set Θ∞([(x, I)]) := θ(s).
Since W is simply connected, log : W → C, log([(x, I)]) := log(x) has a well defined branch
and the map h : W → R∗, h([(x, I)]) = (x, log([(x, I)])) is a homeomorphism. Choose the branch
of log : W → C in such a way that Im(log)|W0 = Θ∞, that is to say, Im(log) ((x, log([(x, I)]))) =
Θ∞([(x, I)]) for any [(x, I)] ∈ W0. Finally, identify W with h(W) via h and consider W ⊂ R.
Up to this identification, z(p) = x provided that p = h([(x, I)]) and arg |W0 = Θ∞. Observe that
W = arg−1(]θ− − π2 , θ+ + π2 [) and W0 = arg−1(Θ0(M)), and its closures W and W0 in R are
wedges of angles θM + π and θM, respectively.
If θ− ∈ R, we writeW− := arg−1
(
[θ− − π2 , θ−]
)∪{[0]}, and likewiseW+ := arg−1 ([θ+, θ+ + π2 ])∪
{[0]} provided that θ+ ∈ R. Obviously, W =W0 ∪W− ∪W+ (here we are assuming W± = ∅ pro-
vided that θ± = ±∞).
Define u∞ : W → R, u∞(p) := uI∗∞(z(p)), where I ∈ I is any interval satisfying arg(p) ∈ I∗,
and call with the same name its continuous extension to W. It is clear that u∞([0])) = 0. Notice
that u∞ is C1 on W − {[0]} having ‖∇u∞‖0 ≤ 1 (see Proposition 5.1), and so the map
X :W → R31, X ((p, u∞(p))) := (z(p), u∞(p))
is a PS multigraph of angle θM + π.
Definition 6.3 X is defined to be the blow-down multigraph of M associated to the sequence
{λj}j∈N. We also say that M∞ := X (W) is the blow-down surface of M associated to {λj}j∈N.
Since X ([0]) = O, equation (1) gives
M∞ := {(z(p), u∞(p)) : p ∈ W} ⊂ Ext(C0). (12)
Taking into account that M∞ is the limit set of a sequence of embedded surfaces and that θ(s) is
increasing, the sheets of the multigraph X :W →M∞ ⊂ R31 are ordered by height, i.e.,
u∞(p) ≥ u∞(q) provided that arg(p) = arg(q) + 2kπ, k ≥ 0. (13)
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If θ+ = +∞, (resp., θ− = −∞) we label u+(x) := sup{u∞(p) : p ∈ z−1(x)}, (resp.,
u−(x) := inf{u∞(p) : p ∈ z−1(x)}), for any x ∈ C − {0}. We make the continuous extension
u+(0) = 0 (resp., u−(0) = 0) and call
M+∞ := {(x, u+(x)) : x ∈ C} (resp., M−∞ := {(x, u−(x)) : x ∈ C})
the associated graph. From Remark 5.1 and equation (12), M+∞ and M−∞ are entire PS graphs
containing the origin, and so lying in Ext(C0).
Notice that X|arg−1(I∗) : arg−1(I∗) → MI∗∞ is a homeomorphism for any good interval I ∈ I,
and soMI∗∞ can be identified with arg−1(I∗) via X . Then, it is natural to setWI := arg−1(I) ⊂ W
and put MI∞ = X (WI), for any subset I ⊂ arg(W − {[0]}). When I is connected, the closure of
WI is a wedge and X|WI :W
I → R31 is a PS multigraph of angle |I|.
Label AX = |∇u∞|−1(1) ⊂ W − {[0]} as the set of singular points of u∞ (see Theorem 5.2
and Remark 5.2). A point ξ ∈ arg(W − {[0]}) is said to be a singular angle if arg−1(ξ) ⊂ AX . We
denote by IX ⊂ arg(W − {[0]}) the subset of singular angles. A singular angle ξ ∈ IX is said to
be conical if X (arg−1(ξ)) is a lightlike half line (that is to say, if arg−1(ξ) is a singular segment
of u∞). The set of conical singular angles will be denoted by IcX . Note that IX and I
c
X are closed
subsets of arg(W − {[0]}).
Proposition 6.1 If AX 6= ∅ then IcX 6= ∅ and AX =WIX . Moreover:
(i) If IX − IcX 6= ∅ then MIX−I
c
X∞ ⊂ Σ, where Σ is the lightlike plane passing through O, and MJ∞
is a half plane in Σ bounded by L := Σ ∩ C0, for any connected component J of IX − IcX .
(ii) If I =]ξ2, ξ2[⊂ arg(W−{0})− IX is a bounded component then ξ1, ξ2 ∈ IcX and ξ2− ξ1 = kπ,
k ∈ N, k ≥ 2. Moreover, MI∞ is an embedded maximal multigraph, the limit tangent plane
Σ′ of MI∞ at infinity is lightlike, and Σ′ does not depend on I. If in addition IX − IcX 6= ∅,
then Σ′ = Σ and ∂(MI∞) ⊂ L.
(iii) If J0 is the closure of a connected component of Int(I
c
X ) then arg(W − [0])− J0 is connected.
Proof : Assume that AX 6= ∅, and let us see that ξ ∈ IX if and only if arg−1(ξ) ∩AX 6= ∅. Indeed,
suppose arg−1(ξ)∩AX 6= ∅ and take p ∈ arg−1(ξ)∩AX . From Remark 5.2 there is a divergent arc
lp ⊂ W −{[0]} passing through p such that Lp := X (lp) is either a lightlike half line starting from
O or a complete lightlike straight line (in particular, lp ⊂ AX ).
If O ∈ Lp then ξ ∈ IcX ⊂ IX and we are done. If O /∈ Lp, then p ∈ AX − WI
c
X and Lp is
a lightlike straight line. Then, consider the open half plane H ⊂ Π0 satisfying π(Lp) ⊂ H and
O ∈ ∂(H), and label Vξ as the connected component of (π ◦X )−1(H) containing Lp. From Lemma
2.1, Vξ lies in the lightlike plane containing Lp, and so Vξ ⊂ AX . As arg−1(ξ) ⊂ Vξ ⊂ AX then
ξ ∈ IX , proving our assertion. Furthermore, note that ∂(Vξ) is a lightlike straight line passing
through O. As a consequence, AX =WIX and IcX 6= ∅.
Assume that IX−IcX 6= ∅ and consider ξ ∈ IX−IcX . Let J ⊂ IX−IcX be the connected component
containing ξ. With the previous notation, we have shown that |J | = π, LJ := ∂(Vξ) ⊂ MI
c
X∞ is a
lightlike straight line and the lightlike half plane Vξ =MJ∞ is a connected component ofMIX−I
c
X∞ .
Therefore, to finish item (i) it suffices to check that the plane ΣJ containingMJ∞ (hence LJ) does
not depend on J. Indeed, take two components J1, J2 ⊂ IX − IcX , and simply observe that the
lightlike planes ΣJ1 and ΣJ2 can not meet transversally becauseM∞ is the limit set of a sequence
of embedded surfaces. In the sequel we will call Σ := ΣJ and L := LJ , provided that IX − IcX 6= ∅
and J ⊂ IX − IcX is any connected component.
Let us check (ii). to do this, consider I =]ξ2, ξ2[⊂ arg(W − {0}) − IX a bounded connected
component. From item (i), ξ1, ξ2 ∈ IcX . Thus, lj := X (arg−1(ξj)) is a lightlike half line with initial
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point at the origin, j = 1, 2. Since M∞ is the limit of a sequence of embedded maximal surfaces,
it is not hard to check thatMI is embedded too. From Corollary 5.2, the half lines l1 and l2 must
be parallel, hence ξ2 = ξ1 + kπ, k ∈ N. Furthermore, the limit tangent plane of MI∞ at infinite,
namely Σ′I , is the lightlike plane containing l1 ∪ l2.
If k = 1, Lemma 2.1 implies thatMI∞ lies in a lightlike plane, contradicting that ]ξ1, ξ2[∩IX = ∅
and proving that k ≥ 2.
Finally, let I1, I2 ⊂ arg(W−{0})−IX be two components as in the statement of the claim. Rea-
soning as in the proof of item (i), the embedded multigraphsMJ1∞,MJ2∞ can not meet transversally,
and so Σ′ := Σ′I1 = Σ
′
I2
. Likewise Σ andMI∞ can not meet transversally, provided that IX−IcX 6= ∅
and the plane Σ makes sense, and in this case Σ′ = Σ.
Let J0 be closure of a component of Int(I
c
X ). By a connectedness argument, either MJ0∞ ⊂ C+0
or MJ0∞ ⊂ C−0 . Suppose that MJ0∞ ⊂ C+0 (the other case is similar), and let us show that a :=
sup(J0) = θ
+ + π2 .
Reason by contradiction and assume that a < θ+ + π2 . Set b := max{a − 2π, inf(J0)} < a,
label J1 = [b, a] ⊂ J0 and write J1(k) = (J1 + 2kπ) ∩ arg(W − [0]) for any k ∈ N. From equation
(13) we get that MJ1(k)∞ lies above MJ1∞, and using equation (12) we infer that MJ1(k)∞ ⊂ C+0 ,
for any k ∈ N. So, J1(k) ⊂ IcX for any k ∈ N. As a consequence b > a − 2π, because otherwise
[a − 2π, θ+ + π2 [⊂ IcX , contradicting that J0 is the closure of a connected component of IcX . Thus
I :=]a, b + 2π[ is a connected component of arg(W − [0]) − IcX , and items (i) and (ii) give that
b = a − π, I ⊂ IX − IcX and MI∞ is an open lightlike half plane bounded by a lightlike straight
line. In particular, MI∞ can not lie above MJ0∞, contradicting equation (13) and proving (iii). ✷
6.2 ω∗-maximal surfaces and the blow-down plane
Recall that M is asymptotically weakly spacelike, or simply ω∗-maximal, if there is an affinely
spacelike arc in R31 disjoint fromM. Although the ω∗-condition is a little involved, it is connected
with quite natural geometrical properties, as shown in Proposition 6.2 below. Moreover it provides
us a good control about the geometry of M at infinity. Let start with some previous notions and
comments.
Given a complete maximal surface S in R31 and a divergent curve α : [0, 1[→ S, Theorem 2.1
shows that limy→1
L(αy)
L0(π◦αy) ≥ C > 0, where αy = α|[0,y], L and L0 are the intrinsic length in S
and Π0, respectively, and C is a constant not depending on α. With this inspiration in mind, M
is said to be complete far from the boundary if for any α : [0, 1[→M whose projection π ◦ α is a
divergent arc in Π0, the limit limy→+∞
L(αy)
L0(π◦αy) is positive.
On the other hand, we know that M behaves like a ”multigraph” in a generalized sense. It is
then natural to say that M is asymptotically strongly spacelike if it admits gradient estimates far
from the boundary, or being more precise, if for any good interval I there is ǫ(I) ∈]0, 1[ such that
‖∇uI‖0 < 1− ǫ(I) in the complement of a neighborhood of γI , where uI : ΩI → R is the function
defining the graph MI .
Proposition 6.2 Suppose that M satisfies any of the following conditions:
(a) There is an affinely spacelike arc contained in the surface.
(b) There are a good interval I and a real number ǫ ∈]0, 1[ such that ‖∇uI‖0 < 1 − ǫ in the
complement of a neighbourhood of γI .
(c) There is an arc α : [0, 1[→M such that π(α) is half line and lim infy→1 L(α
y)
L0(π◦αy) > 0.
Then M is ω∗-maximal. As a consequence, if M is complete far from the boundary or asymptoti-
cally weakly spacelike then it is ω∗-maximal.
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Proof : IfM contains an affinely spacelike arc β, it is easy to take an affinely spacelike α ⊂ R31−M
in a small neighborhood of β (recall thatM is properly embedded), proving (a). As a consequence,
if α˜s is affinely spacelike for some s ∈ R then M is ω∗-maximal. This automatically holds if uI
satisfies that ‖∇uI‖0 < 1− ǫ in the complement of a neighbourhood of γI in ΩI for some ǫ ∈]0, 1[,
where I is a good interval and s ∈ t(γI), proving (b).
To see (c), it suffices to check that α is affinely spacelike. Let a be the Euclidean arclength
parameter of π ◦ α. Reason by contradiction, and take a divergent sequence {an}n∈N ⊂ [0,+∞[
such that limn→∞
α(an)
an
∈ C0. Put limn→∞ α(an)an = (eiξ,±1) and without loss of generality suppose
that ξ = lima→+∞Θ0(α(a)). Let I be a good interval containing ξ, and up to removing a compact
subarc assume that α ⊂ MI . Choose λn = 1an , n ∈ N, and consider the blow down surface M∞
associated to {λn}n∈N. For every n ∈ N, y ∈ λn ·ΩI and a ∈ [0,+∞[ write uIn(y) = λnuI(y/λn) and
αn(a) = λnα(a/λn). It is clear that X (arg−1(ξ)) ⊂MI∞ is a lightlike half line starting at the origin
and limn→∞ αn = X (arg−1(ξ)) in the C1 topology over ]0,+∞[ (see Proposition 5.1). Since a is
the arclength parameter of π ◦ αn too, we infer that limn→∞〈(π ◦ αn)′,∇uIn ◦ αn〉0 = 1 uniformly
on [δ, 1] and limn→∞ L(αn|[δ,1]) = 0, for any δ ∈]0, 1[. However, the inequality L(αn|[0,δ]) < δ,
n ∈ N, implies that limn→∞ L(αn) = limn→∞ L(α
an)
an
≤ δ for any δ ∈]0, 1[. We deduce that
limn→+∞
L(αan )
an
= 0, which is absurd and proves (c). ✷
Next theorem is the main result of this section.
Theorem 6.1 The following statements hold:
(i) If θM < +∞ then M is ω∗-maximal, M∞ is a lightlike plane and θM = 2kπ, k ∈ N.
(ii) If Θ0(M) = R and M is ω∗-maximal then M∞ is a non timelike plane.
(iii) If Θ0(M) 6= R, θM = +∞ and M is ω∗-maximal then IX − IcX contains a non compact
connected component JX and MJX∞ is a lightlike plane.
Proof : Assume that θM < +∞. Since M is a multigraph of angle θM + π, Corollary 5.2 gives
that M has sublinear growth over a lightlike plane and θM = mπ, m ∈ N. Therefore M∞ is the
lightlike plane containing the lightlike straight line L = α˜0−∞ ∪ α˜0+∞. Furthermore, Lemma 6.3
gives that α˜0−∞ ⊂ C−0 and α˜0+∞ ⊂ C+0 , hence m is even. Finally, observe that any straight line in
{t = 0} not contained in M∞ meet M into a compact set, hence M is ω∗-maximal and (i) holds.
In the sequel, and up to a Lorentzian isometry preserving our normalizations, we will suppose
that θ+ = +∞.
Let α ∼= [0, 1[⊂ R31 −M be an affinely spacelike arc. Since π(α) is a proper curve contained
in a half space of Π0, any non compact lifting to M of π(α) lies in MJ for a suitable finite
interval J ⊂ Θ0(M). In particular, π(α) has infinitely many non compact liftings to M, namely
{βk : k ∈ F ⊂ Z}. We are assuming that this family of curves has been ordered by heights, that
is to say, F = Z∩]r−,+∞[ where r− ∈ [−∞,+∞[, and βk1 lies above βk2 outside a compact
set provided that k1 > k2. For any k ∈ F, let sk = max{s ∈ R : βk ⊂ M[θ(s),+∞[} and define
Ik = [θ(sk),+∞[. Obviously, k2 > k1 implies that sk2 > sk1 , βk2 ⊂ MIk1 and βk1 ∩ MIk2 is
compact. Furthermore, limk→+∞ sk = +∞.
Claim 1: There is k0 ∈ F such that βk lies above α ∩ π−1(π(βk)) for any k > k0.
Proof : Up to relabeling assume that N ⊂ F. Reason by contradiction and suppose that βk lies
below α ∩ π−1(π(βk)) for any k ∈ F. For any k ∈ F, the initial point pk of βk lies in either
Γ∩π−1(α) or π−1(π(p)), where p is the initial point of α. However, the properness ofM gives that
{pk : k ∈ N} ∩ π−1(π(p)) contains finitely many points below p, hence we can suppose without
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loss of generality that pk ∈ Γ for any k ∈ N. Therefore pk ∈ ΓIk , and so ΓIk contains points below
α for any k ∈ N. By equation (11) we have that ΓIk ⊂ Int(C+Γ(sk)), hence α ∩ Int(C
+
Γ(sk)
) 6= ∅ for
any k ∈ N, contradicting that α is affinely spacelike. ✷
For the remainder and up to relabeling we will suppose that k0 = 0.
Let W be an spacelike wedge containing α, and call Z as its axis (i.e., the intersection of its
boundary faces). Up to a Lorentzian isometry preserving our previous normalizations, we will
suppose that Z ⊂ Π0, and label Z0 ⊂ Π0 as the straight line orthogonal to Z passing through the
origin. Furthermore, write Z0 = {seiξ0 : s ∈ R}, ξ0 ∈ [0, 2π[ and suppose that Z+0 = {seiξ0 : s ≥
0} and W meet at a compact set. A compact interval I ⊂ Θ0(M), I is said to be centered if its
middle point lies in {ξ0 + 2mπ : m ∈ Z} and I ⊂ I1 = [θ(s1),+∞[.
Claim 2: If I = [ξ − ρ, ξ+ ρ] is a centered and ρ > 2π then τ0(MI) ≥ Ξ > 0, where Ξ
is the constant given in Corollary 5.1.
Proof : Observe that βk ∪ βk+1 ⊂MI , for some k ∈ N, and take a maximal graph G0 ⊂MI with
boundary βˆk∪ βˆk+1∪β, where βˆk ⊂ βk, βˆk+1 ⊂ βk+1 are non compact proper subarcs and β ⊂MI
is a compact arc. Since W ⊂ Uδ for suitable δ ∈]0, π4 [, ∂(G0) ⊂ Uδ up to a compact subset. The
claim follows from Corollary 5.1. ✷
Claim 3: M+∞ is a non timelike plane.
Proof : Any domain inM+∞−{O} is the limit in the C1-topology of a sequence of maximal graphs.
Therefore, the singular segments of u+ in Π0 − {O} are either complete lines or half lines starting
from the origin (see Theorem 5.2 and Remark 5.2). We will call A+ as the singular set of u+ in
Π0 − {O}.
Taking into account Remark 5.2, we only have four possibilities: (a) A+ = ∅, (b) A+ contains
a complete straight line as singular segment, (c) any half line in Π0−{O} with endpoint the origin
is a singular segment of u+, or (d) there is a wedge W ⊂ Π0 − {O} bounded by two singular half
lines of u+ with endpoint O and such that u+|W−∂(W ) is smooth and defines a maximal graph G.
In case (a), it is well known that M+∞ is either a spacelike plane or a half of the Lorentzian
catenoid, see [4]. In case (b), Lemma 2.1 implies that M+∞ is a lightlike plane.
Let us see that (c) is impossible. Indeed, in this case M+∞ = ∪p∈M+∞−{O}Lp, where Lp is a
lightlike half line containing p and O, henceM+∞ ⊂ C0. Furthermore, by a connectedness argument
either M+∞ ⊂ C+0 or M+∞ ⊂ C−0 . Let I be a centered interval of length > 4π and take a real
number ǫ ∈]0,Ξ[, where Ξ is the constant of Corollary 5.1. From the definition of M+∞, there
exists large enough k0 ∈ N such that M2k0π+I∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} lies in the Euclidean
neighborhood of radius ǫ/2 of C0 ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2}. On the other hand, and from the
definition of M2k0π+I∞ , we can find j0 ∈ N such that M2k0π+Ij ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} lies
in the Euclidean neighborhood of radius ǫ/2 of M2k0π+I∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2}, for any
j ≥ j0. Thus M2k0π+Ij ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} lies in the Euclidean neighborhood of radius
ǫ of C0 ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2}, for any j ≥ j0, and proves that τ0(M2k0π+I) ≤ ǫ < Ξ. This
contradicts Claim 2 and proves that (c) is impossible.
Suppose (d) holds and label as lj as the two lightlike half lines in ∂(G). From Corollary 5.2,
l1 and l2 must lie in the same lightlike straight line l, and since l1 ∪ l2 6= l (otherwise from (b)
M+∞ would be a lightlike plane, impossible), we infer that l1 = l2 and M+∞ is congruent in the
Lorentzian sense to the Enneper graph E2 (see Proposition 5.3).
Summarizing, in order to prove the claim it suffices to check that M+∞ can not be neither a
half of the Lorentzian catenoid nor an Enneper’s graph E2. Reason by contradiction, and observe
that in both cases M+∞ is asymptotic at the origin to either C+0 or C−0 (see Remark 3.1).
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As above take a centered interval I of length > 4π and a real number ǫ ∈]0,Ξ[. Up to a dilation
assume that M+∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} lies in the Euclidean neighborhood of radius ǫ/3 of
C0∩{(x, t) : 1 ≤ ‖x‖0 ≤ 2}. Reasoning as above there are k0, j0 ∈ N such thatM2k0π+I∞ ∩{(x, t) :
1 ≤ ‖x‖0 ≤ 2} andM2k0π+Ij ∩{(x, t) : 1 ≤ ‖x‖0 ≤ 2} lie in the Euclidean neighborhood of radius
ǫ/3 of M+∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} and M2k0π+I∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2}, respectively, for
any j ≥ j0. As above, this shows that τ+0 (M2k0π+I) ≤ ǫ < Ξ, contradicting Claim 2. ✷
Now we can prove (ii). From Claim 3 M+∞ is a timelike plane, and by a symmetric argument
the same holds forM−∞. If the planes M+∞ and M−∞ were different they would meet transversally
(both planes contain the origin!), which would contradict that M+∞ and M−∞ lie in the limit set
of a sequence of embedded surfaces.
Finally let us see (iii). We have to deal with the case θ− ∈ R, θ+ = +∞.
Let us show first that M+∞ is a lightlike plane. Reason by contradiction and assume that it is
spacelike. In particular,M+∞ intersects transversally any lightlike plane or maximal multigraph of
finite angle with lightlike limit tangent plane at infinity. By Lemma 6.1, we deduce that arg(W −
{[0]})− IX contains a non compact component J =]a,+∞[, where a ∈ IcX .
Take an arc c ⊂MJ∞ ∪{O} projecting onto a divergent arc π(c) in Π0 with initial point O and
satisfying limx∈c→∞d(x,M+∞) = 0. Let us see that limx∈c→∞ g(x) = st(v), where v ∈ H2− is the
Lorentzian normal toM+∞. Indeed, take a divergent sequence {pn, n ∈ N} ⊂ c, call Jn = [arg(pn)−
π
2 , arg(pn) +
π
2 ] and consider the sequence of translated multigraphs {Gn := −pn +MJn∞ , n ∈ N}.
By Proposition 5.1, {Gn}n∈N converges in the C1-topology to an entire PS graph G∞ over Π0 lying
in a closed half space bounded by the spacelike plane M+∞. Taking into account Theorem 2.1, we
deduce that G∞ is a spacelike plane, i.e., G∞ =M+∞, proving our assertion.
On the other hand, set l the lightlike half line ∂(MJ∞) = X (arg−1(a) ∪ {[0]}) and denote by
N0 ⊂ WJ the proper region bounded by c ∪ l. Consider a new proper region N ′0 ⊂ N0 having
∂(N ′0) = c ∪ l′, where l′ ⊂ Int(N0) is a divergent arc close enough to l in such a way that
limx∈l′→∞ g(x) = st0(w), where w is the lightlike direction of l and g is the holomorphic Gauss
map of N ′0. Since N
′
0 lies in a half space bounded by M+∞ it is parabolic (see Corollary 4.1), and
Theorem 4.1 implies that st(v) = limx∈c→∞ g(x) = limx∈l→∞ g(x) = st0(w). This is obviously
absurd (note that st(v) ∈ D and st0(w) ∈ ∂(D)) and shows that the plane M+∞ must be lightlike.
As a consequence, J0 = Int(I
c
X ) is either empty or a finite interval with endpoint θ
−. Indeed,
otherwise Proposition 6.1, (iii) yields that J =]b,+∞[, and so MJ0∞ ⊂ C0, contradicting that M+∞
is a lightlike plane.
Let L denote the lightlike straight line inM+∞ passing through O, and call L− = L∩C−0 . From
equation (13), L− lies above any arc in π−1(π(L−))∩M∞, and taking into account equation (12),
we deduce that L− ⊂ MI∞ for any closed interval I ⊂ arg(W − [0]) of length 2π, that is to say,
I ∩ IX 6= ∅ for any compact interval of length 2π. Define B = {ξ ∈ I1 : X (arg−1(ξ)) = L−} and
take θ0 ∈ B such that J ∩ Int(IcX ) = ∅, where J = [θ0,+∞[.
Claim 4: J − IX is either empty or bounded.
Proof : Reason by contradiction, let us see that any connected component of J − IX determines
an Enneper’s graph with limit tangent plane at infinity parallel to M+∞. Consider a component I
of J − IX (hence of arg(W − [0]) − IX ), and observe that J ∩ Int(IcX ) = ∅. Our previous analysis
implies that |I| = 2π, the endpoints of I lie in B and MI∞ is a maximal graph. By Proposition
5.3,MI∞ is an Enneper graph with an upward conelike singularity at the origin (i.e., asymptotic at
the origin to C−0 ). Furthermore, since MI∞ lies below M+∞ then its limit tangent plane at infinity
is parallel to M+∞, proving our assertion.
Let T ⊂ J be a compact centered interval of length > 4π and take a real number ǫ ∈]0,Ξ[, where
Ξ is the constant of Corollary 5.1. Up to a dilation, assume that MT∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2}
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lies in a neighborhood of C−0 of radius ǫ/2. Then take j0 ∈ N large enough such thatMTj ∩{(x, t) :
1 ≤ ‖x‖0 ≤ 2} lies in the Euclidean neighborhood of radius ǫ/2 of MT∞ ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2},
for any j ≥ j0. We infer that MTj ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} lies in the Euclidean neighborhood
of radius ǫ of C−0 ∩ {(x, t) : 1 ≤ ‖x‖0 ≤ 2} for any j ≥ j0, proving that τ0(MT ) ≤ ǫ < Ξ. This is
contrary to Claim 2, proving the claim. ✷
Claim 4 shows that IX − Int(IcX ) contains an interval JX of the form [b,+∞[, b ∈ R. Item (iii)
is an elementary consequence of Proposition 6.1, (i). ✷
Definition 6.4 In the context of Theorem 6.1, if Θ0(M) = R or θM < +∞ then Σ∞ := M∞
is defined to be the blow-down plane of M associated to {λn}n∈N. Likewise, if Θ0(M) 6= R and
θM = +∞ we set Σ∞ := MJX∞ and call it the blow-down plane of M associated to {λn}n∈N as
well.
6.3 The transversality of M and the blow-down plane Σ∞
This subsection is devoted to prove that the Lorentzian Gauss map ofM omits the normal direction
to the blow-down plane. We need some notations and preliminary results.
Let c be a lightlike ray in M, call lc the lightlike half line to which c is asymptotic and write
Lc := π(c) = π(lc). Putting Lc = {x0 + aeξ : a ≥ 0}, there is a unique real number ξc congruent
to ξ modulo 2π such that c ⊂MJ , where J = [ξc − π2 , ξc + π2 ]∩]θ+, θ−[.
As a consequence, the limit θc := limx∈c→∞Θ0(x) ∈ [θ−, θ+] exists and is a finite real number.
The arguments θc and ξc coincide provided that θc ∈]θ+, θ−[. If θc ∈ {θ+, θ−}, then J is a tail
interval and either ξc ∈ [θ+, θ+ + π2 ] or ξc ∈ [θ− − π2 , θ−] (see Lemma 6.2).
Lemma 6.4 If M admits an upward (resp., downward) lightlike ray c, then θ+ = θc + 3π2 (resp.,
θ− = θc − 3π2 ) and θM = +∞.
Proof : We only deal with the case when c ⊂M is an upward lightlike ray.
Claim 1: θc +
3π
2 ≥ θ+.
Proof : Reason by contradiction, and assume that θc +
3π
2 < θ
+. Let sc ∈ R denote the unique
real number such that θ(sc) = θc, and let us show that α˜sc = F0(sc, ·) is an upward light-
like ray too. Indeed, since αsc and Lc are parallel half lines, the spacelike condition gives that
dH(α˜sc , c) ≤
√
2d(αsc , Lc). Taking into account that α˜sc has slope < 1 we deduce that the limit
limx∈eαsc→∞ d(x, C+Γ(sc)) exists and is finite, proving the assertion.
Write Ic := [θc, θ
+[ and let H ⊂ R31 be an open half space containing ∂(MIc) = α˜sc ∪ ΓIc and
such that ∂(H) is a lightlike plane parallel to lc (here we have taken into account equation (11)).
Let us see that MIc ⊂ H. To do this, label L0 as the complete straight line in Π0 containing
αsc and call l0 = ∂(H) ∩ π−1(L0). First, we observe that MIc is disjoint from l0. Indeed, if c′
a connected component of π−1(L0) ∩ MIc , then either c′ has en endpoint in ∂(MIc) ⊂ H or
π(c′) ∩ αsc 6= ∅, and in the second case c′ ∩ π−1(αsc) lies above α˜sc ∩ π−1(c′). By property (1) we
deduce that c′ ⊂ H, hence MIc ∩ l0 = ∅.
Reason by contradiction and assume thatMIc−H 6= ∅. Then take a connected component S of
MIc−H. By the spacelike condition, there are no compact arcs in S with endpoints in ∂(S)∩∂(H)
projecting onto a segment parallel to L0. Since S ∩ ∂(MIc) = ∅ then we deduce that S is simply
connected. On the other hand, π|S : S → Π0 is a proper local embedding, hence S is a graph over
Π0. Taking into account that S ∩ l0 = ∅ and ∂(S) ⊂ ∂(H), G := S ∪ (∂(H)− π−1(π(S))) is a PS
entire graph over Π0 containing l0. Lemma 2.1 gives that G = ∂(H), which is absurd and proves
that MIc ⊂ H.
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Let s0 be the unique real number satisfying Θ0(Γ(s0)) = θc +
3π
2 , and call TΓ(s0)M as the
tangent plane to M at Γ(s0) (that is to say, the lightlike plane parallel to the vector Γ′(s0)).
Observe that TΓ(s0)M and ∂(H) are parallel, and call H ′ as the open half space containing ∂(H)
and with boundary TΓ(s0)M. Let y :M→ R denote the harmonic coordinate function vanishing on
∂(H ′) ∩M. From equation (2), the holomorphic 1-form dy (that can be reflected holomorphically
to the mirror surface M∗), has a zero or order ≥ 2 at Γ(s0). Therefore, MIc − ∂(H ′) has at least
a connected component S lying in the slab H ′ ∩H and with boundary ∂(S) ⊂ ∂(H ′). As before,
S is a graph over Π0 and S0 := S ∪ (π|∂(H′))−1(Π0 − π(S)) is an entire PS graph over Π0. Take
p0 ∈ S − ∂(S) and a neighborhood D0 ⊂ S − ∂(S) of p0 projecting via π onto a closed disc.
From equation (1), D0 − {p0} ⊂ Ext(Cp0) and δ := d(∂(D0), Cp0) is positive. As a consequence,
the PS graph S0 − D0 lies in Ext(Cp0) and d(S0 − D0, Cp0) ≥ δ > 0. This shows that S0 lies in
{x ∈ R31 : ‖x‖ ≥ δ} up to a compact subset, and the same holds for S. From Theorem 4.2, S is a
parabolic. But ∂(S) ⊂ ∂(H ′) gives S ⊂ ∂(H ′), which is absurd and proves the claim. ✷
Claim 1 gives that θ+ ∈ R, and soMIc is a multigraph of finite angle bounded by two sublinear
arcs, namely ΓIc and α˜sc , with lightlike direction. By Corollary 5.2, these arcs have the same
direction, that is to say, θ+ = θc +
3π
2 , concluding the first part of the lemma.
It remains to check that θ− = −∞. Reason by contradiction and assume θ− ∈ R. As above,
Corollary 5.2 gives that M is parabolic, hence M is biholomorphic to U = {z ∈ C : Im(z) ≥ 0}.
Let X : U → R31 be a conformal maximal embedding satisfying X(U) = M. Set (φ3, g) the
Weierstrass representation of X, see equation (2). The holomorphic map g extends by Schwarz
reflection to a meromorphic map on C of finite degree n, and so we can put g(z) = P (z)Q(z) , where
P (z) =
∑n
j=0 ajz
j, Q(z) =
∑n
j=0 ajz
j and an 6= 0. Since the 1-forms φ1, φ2 and φ3 have no
common zeroes in U, we get φ3 = −iBP (z)Q(z)dz, B ∈]0,+∞[. Up to a Lorentzian isometry, we
can suppose that g(∞) = 1, an = 1 and θ+ = limr→+∞ g(r) (note that X−1(Γ) = R). Therefore
we also have θ
+
2π ∈ Z and θ− = θ+ − 2nπ.
Observe that f2(z) :=
∫ z
0 φ2 =
B
2
∫ z
0 (P (w)
2 + Q(w)2)dw, f1(z) :=
∫ z
0 φ1 =
iB
2
∫ z
0 (P
2(w) −
Q2(w))dw and f(z) :=
∫ z
0 (φ2 − iφ3) = B2
∫ z
0 (P (z) − Q(z))2 are polynomial functions of de-
grees 2n + 1, n + n0 + 1 and 2n0 + 1, respectively, where 0 ≤ n0 = Deg(P (z) − Q(z)) < n.
Since α˜sc is a lightlike ray with direction (0, 1, 1), then the limits limz∈X−1(eαsc )→∞Re(f1(z))
and limz∈X−1(eαsc )→∞Re(f(z)) are finite, and so there are positive odd integers m1 and m such
that limz∈X−1(eαsc )→∞ arg(z) =
m1π
2(n+n0+1)
= mπ2(2n0+1) . Taking into account that X
−1(∂(MIc)) =
[r,+∞[∪α˜sc , where r = X−1(Γ(sc)), and that MIc ⊂ {(x, y, t) : t− y ≥ R} for a suitable R ∈ R,
we infer that m = 1, hence n− n0 = (2n0 + 1)(m1 − 1) ≥ 2(2n0 + 1) and n ≥ 5n0 + 2.
On the other hand, note that for any k ∈ R, the set {z ∈ U : X(z) ∈ MIc andRe(f2(z)) = k}
consists of either a proper arc ∼=]0, 1[ or two proper arcs homeomorphic to [0, 1[. Indeed, just take
into account that MIc is (up to removing a compact set) a multigraph of angle 2π with sublinear
boundary arcs ΓIc and α˜sc of direction (0, 1, 1). As any divergent nodal arc in U of the harmonic
function Re(f2)− k is asymptotic to {se
jπ
2(2n+1) , s ≥ 0} for a suitable odd integer j ≤ n, and MIc
contains only two such arcs for any k ∈ R, then 5π2(2n+1) > limz∈X−1(eαsc )→∞ Im(log(z)) = π2(2n0+1) ,
or equivalently n < 5n0 + 2, which is absurd and concludes the proof. ✷
Set tM := π−1(O) ∩M the intersection of M and the t-axis, and for any q = F0(s, a) ∈ tM
write rq = F0({s} × [0, a]). Consider the simply connected surface S := M− ∪q∈tMrq and fix a
branch f of log ◦π along S. It is clear that κ : S → M × C, κ(q) = (q, f(q)) is an embedding,
and that Mˆ := κ(S) ⊂ M× C is a surface with piecewise analytical boundary homeomorphic to
D − {1}. Set Y : Mˆ → M the projection map Y (q, f(q)) = q, and note that for any q ∈ tM we
have Y −1(rq) = r+q ∪ r−q , where r+q ∩ r−q = Y −1(q) = (q,∞) and Y |r+q : r+q → rq, Y |r−q : r−q → rq
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are homeomorphisms. Furthermore, the restriction of Y to Mˆ − ∪q∈tMY −1(rq − {q}) is one to
one, and ∂(Mˆ) = Y −1 (Γ ∪ (∪q∈tMrq)) .
Figure 4: The surface Mˆ and the projection Y.
As Mˆ − Y −1(tM) is simply connected and f|Mˆ−Y −1(tM) never vanishes, Arg := Im(f) is well
defined on Mˆ − Y −1(tM).
Remark 6.1 Up to a suitable choice of the branch, limx∈MJ→∞ Arg(Y −1(x)) − Θ0(x) = 0, pro-
vided that J ⊂ Θ0(M) is compact.
Therefore, θ− − π2 ≤ lim infx∈M→∞ Arg(Y −1(x)), lim supx∈M→∞ Arg(Y −1(x)) ≤ θ+ + π2 , and
if {xn}n∈N ⊂ M is a divergent sequence satisfying that lim infn→∞ Arg(Y −1(xn)) ⊂ [θ+, θ+ + π2 ]
(resp., lim supn→∞ Arg(Y
−1(xn)) ⊂ [θ− − π2 , θ−]), then limn→∞Θ0(xn) = θ+ (resp., θ−).
Moreover, standard monodromy arguments also show that:
(i) ]θ− − π2 , θ+ + π2 [⊂ Arg(∂(Mˆ)) and Arg−1(J) ∩ ∂(Mˆ) is compact, for any compact interval
J ⊂ R− {θ− − π2 , θ+ + π2 }.
(ii) If {qn}n∈N ⊂ ∂(Mˆ) and {Θ0 (Y (qn))}n∈N → θ+ (resp., θ−), then {Arg(qn)}n∈N → θ+ + π2
(resp., θ− − π2 ).
Denote by Vr := Int(C+(0,0,r)) and Γr := Γ ∩ Vr. Since (1, 0, 0) ∈ Γ, equation (11) gives that
Γr 6= ∅ provided that r ≤ −1. In this case, Γ∩∂(Vr) consists of a unique point Γ(sr) and Γr = ΓIr ,
where Ir = [θ(sr), θ
+[. In the sequel we will suppose r ≤ −1.
We label M(r) as the connected component of Vr ∩ M containing Γr, and write M′(r) =
(Vr ∩M)−M(r). Likewise we put Mˆ(r) := Y −1(M(r)).
It is interesting to observe that M = ∪n∈NM(rn), provided that {rn}n∈N ⊂] − ∞,−1] is
divergent. Indeed, fix an arbitrary point q = F0(s, a) ∈ M and take n ∈ N large enough in such
a way that Γ(s) = F0(s, 0) and q lie in Vrn . By equation (1), F0({s} × [0, a]) is contained in Vrn ,
and so q ∈ F0({s} × [0, a]) ⊂M(rn). Therefore q ∈ ∪n∈NM(rn) and we are done.
Lemma 6.5 If c ⊂ ∂(Vr)− {(0, 0, r)} is a spacelike arc and ρ is a branch of Im (log ◦π) |c, then ρ
is monotone and ‖q2 − q1‖ > 0 provided that q1, q2 ∈ c and 0 < |ρ(q2)− ρ(q1)| < 2π.
Proof : The spacelike property gives that ρ has neither local maxima nor minima, hence it is
monotone. For any q ∈ ∂(Vr) − {(0, 0, r)}, label lq as the closed lightlike half line in ∂(Vr)
containing q. It is obvious that ∂(Vr)− lq ⊂ Ext(Cq), which simply means that ‖q′− q‖ > 0 for any
q′ ∈ ∂(Vr) − lq. If q ∈ c, the monotonicity of ρ yield that {q′ ∈ c − {q} : |ρ(q′) − ρ(q)| < 2π} ⊂
c− lq ⊂ Ext(Cq). This concludes the proof. ✷
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Corollary 6.1 Assume that M contains no upward lightlike rays, and fix r ≤ −1, (0, 0, r) /∈ M.
Then the following statements hold:
(a) If cˆ is an arc in Y −1(∂(Vr) ∩M) then Arg|cˆ is monotone. Furthermore, ‖Y (q2)− Y (q1)‖ > 0
for any q1, q2 ∈ cˆ satisfying that 0 < |Arg(q2)− Arg(q1)| < 2π.
(b) ∂(M(r)) = Γr ∪ βr, where βr ∼= [0, 1[ is a proper divergent arc in M with initial point Γ(sr)
and meeting Γ only at this point.
(c) If D ⊂ M′(r) is a connected component, then D is a closed disc, ∂(D) ⊂ ∂(Vr) and tM ∩ D
consists of a single point.
Proof : Since M is spacelike and ∂(Vr) is lightlike, they meet transversally and (M∩ ∂(Vr)) −
{(0, 0, r)} consists of a family of pairwise disjoint properly embedded analytical regular curves.
Item (a) is an elementary consequence of Lemma 6.5.
From our hypothesis and Lemma 6.4 we get θ+ = +∞, hence from Remark 6.1 we have
Arg(Γˆr) ⊆ [a,+∞[, a ∈ R, where Γˆr is the smallest arc in ∂(Mˆ) containing Y −1(Γr) (obvioulsy
contained in ∂(Mˆ(r))).
Let us show that Arg
(
Y −1(Vr ∩M− tM)
)
= [b,+∞[, b ∈ R. Reason by contradiction, and
suppose there exists a divergent arc cˆ ∈ Y −1(∂(Vr)∩M) homeomorphic to [0, 1[ such that Arg(cˆ) =
] −∞, d], d ∈ R, d < a − π. For any q ∈ cˆ, let Lq ⊂ Π0 denote the straight line passing through
π(Y (q)) and the origin, and label lq as the connected component of π
−1(Lq)∩M containing Y (q).
The choice of cˆ yields that Arg(Y −1(lq− tM))∩ [a,+∞[= ∅, and so lq ∩Vr is disjoint from Γ. Since
M has no upward lightlike rays, we infer that cq := lq ∩ Vr is a compact arc with endpoints in
∂(Vr) − {(0, 0, r)} and passing through a point of tM. However, tM is a closed discrete set, and
therefore the point cq ∩ tM does not depend on q ∈ cˆ. This obviously contradicts that the family
of compact curves {cq, q ∈ cˆ} diverge in R31 as q diverges in cˆ.
Now we can prove (b).
Indeed, first note that ∂(Mˆ(r)) contains no (closed) Jordan curves. To see this, recall that Mˆ
is simply connected, and so any such curve must bound a compact disc V ⊂ Mˆ. By the convex
hull property, Y (V ) ⊂ Vr, and since Mˆ(r) is a connected component of Y −1(Vr), then we get that
V = Mˆ(r), which is absurd.
Suppose there are two different divergent arcs cˆ1, cˆ2 in ∂(Mˆ(r)) homeomorphic to [0, 1[ and
disjoint from Γˆr. From the previous arguments, Arg(cˆj) = [aj ,+∞[, j = 1, 2, hence there are
points q1 ∈ cˆ1 and q2 ∈ cˆ2 satisfying Arg(q1) = Arg(q2). As above, set Lj ⊂ Π0 and lj the straight
line passing through O and π(Y (qj)) and its lifting toM with initial condition Y (qj), respectively,
j = 1, 2. Let us check that l1∩l2 = ∅. Indeed, the fact L1 = L2 and the uniqueness of the lifting give
that either l1 = l2 or l1 ∩ l2 = ∅, and the first option leads to Y (q1), Y (q2) ∈ l1 = l2, contradicting
that Y (q2) − Y (q1) is a lightlike vector. As a consequence, limx∈l1→∞Θ0(x) 6= limx∈l2→∞Θ0(x).
On the other hand, Remark 6.1 gives that Arg(qj) = limx∈Y−1(lj)→∞ Arg(x) = limx∈lj→∞Θ0(x),
j = 1, 2, which contradicts that Arg(q2) = Arg(q1) and proves (b).
To finish, consider a connected component D ⊂M′(r). If ∂(D) contains a proper divergent arc
α ∼=]0, 1[, we can split α into two divergent arcs homeomorphic to [0, 1[, getting a contradiction
as above. Therefore, any connected component of ∂(D) is a Jordan curve. Since D is simply
connected, D is a closed disc. Furthermore, Arg is monotone along Y −1(∂(D) − ∪q∈tMrq), hence
Y (D) is a closed disc meeting tM at a unique point, proving (c). ✷
Lemma 6.6 Assume that M contains no upward lightlike rays, and fix r ≤ −1, (0, 0, r) /∈ M.
Then, there exists a smooth foliation D(r) := {Ds(r) : s ∈ [r,+∞[} of Vr satisfying:
(a) For any s > r, Ds(r) is a maximal disc, ∂(Ds(r)) ⊂ ∂(Vr) and (0, 0, s) ∈ Ds(r). Moreover,
Dr(r) = {(0, 0, r)}.
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(b) Ds(r) ∩M′(r) 6= ∅ if and only if Ds(r) is a connected component of M′(r).
(c) Ds(r) ∩ M(r) 6= ∅ if and only if Ds(r) ∩ ∂(M(r)) 6= ∅, and in this case Ds(r) ∩ M is an
embedded compact arc lying in M(r) with initial point at Γr and final point at βr.
Proof : Consider a spacelike smooth divergent embedded arc δr ⊂ ∂(Vr) containing βr and with
initial point (0, 0, r).
Claim: There exists a smooth foliation Fr : [0,+∞[×S1 → ∂(Vr) of ∂(Vr) satisfying
(i) cy := Fr(y, ·) : S1 → ∂(Vr) is a Jordan curve for any y > 0, and c0 is the constant
curve c0(ξ) = (0, 0, r), ξ ∈ S1.
(ii) cy and δr meet at a unique point in a transversal way, y > 0.
(iii) ‖cy(ξ)− cy(ξ′)‖ > 0 for any ξ, ξ′ ∈ S1, ξ 6= ξ′, and any y > 0.
(iv) For any connected component D of M′(r), there is an unique y ∈]0,+∞[ such
that cy = ∂(D).
Proof : From Lemma 6.5, any branch of Im (log ◦π) |δr is monotone. Since π|∂(Vr) is injective, we
deduce that π(δr) is an embedded divergent arc of spiral type with initial point at O. Hence, we can
take a smooth foliation F∗r : [0,+∞[×S1 → Π0 of Π0 by Jordan curves dy := F∗r (y, ·) : S1 → Π0
(where F ∗r (0, ·) is constant and equal to O) in such a way that dy bounds a starshaped domain
centered at the origin (i.e., dy−{O} can be parameterized by the principal argument) and dy∩π(δr)
consists of an unique point where both curves meet transversally for any y > 0. Furthermore,
constructing F∗r with a little care, we can ensure that for every connected component D ofM′(r),
there exists an unique yD ∈]0,+∞[ such that ∂(π(D)) = F ∗r (yD, ·).
It suffices to define Fr := (π|∂(Vr))−1 ◦ F∗r . Items (i), (ii) and (iv) are clear, and item (iii)
follows from Lemma 6.5. ✷
From Theorem 5.1 and item (iii), there is a unique maximal disc Ky ⊂ Vr with boundary
cy, y ≥ 0 (we have made the convention K0 = {(0, 0, r)}). Furthermore, since π|Ky is a local
homeomorphism, Ky is a graph over the planar domain bounded by dy, y > 0.
The convex hull property for maximal surfaces givesKy ⊂ Vr (even more,Ky−cy ⊂ Vr−∂(Vr)).
If y1 > y2 > 0, then cy1 > cy2 (that is to say, t(cy1(ξ)) > t(cy2(ξ)) for any ξ ∈ S1). A standard
application of the maximum principle gives that Ky1 lies above Ky2 , and so Ky1 ∩Ky2 = ∅. The
smooth dependence of Plateau’s problem solutions with respect to the boundary data implies that
there is a unique Ds(r) ∈ {Ky : y ∈ [0,+∞[} such that (0, 0, s) ∈ Ds(r), s ≥ r. Furthermore,
D(r) = {Ds(r) : s ∈ [r,+∞[} defines a smooth foliation of Vr satisfying (a) and (b).
In order to prove (c), let us see that Ds(r) ∩ ∂(M(r)) 6= ∅ if and only if Ds(r) ∩M(r) 6= ∅.
Suppose Ds(r)∩M(r) 6= ∅, and reasoning by contradiction, assume that Ds(r)∩∂(M(r)) = ∅. As
∂(Ds(r))∩M(r) = ∅, then Ds(r)∩M(r) is a family of piecewise analytical Jordan curves lying in
the interior of both simply connected surfaces.6 Hence we can find compact discs S1 ⊂ Int(Ds(r))
and S2 ∈ Int(M(r)) with common boundary in Ds(r)∩M(r) and common projection on the plane
Π0. Since both discs are graphs over Π0, the maximum principle gives S1 = S2, and by an analytic
continuation argument Ds(r) ⊂M(r). This is absurd and shows that Ds(r) ∩ ∂(M(r)) 6= ∅.
Finally, assume that Ds(r)∩M(r) 6= ∅. From equations (1) and (11), q1 := Ds(r)∩Γ = Ds(r)∩
Γr consists of at most one point where Ds(r) and Γ meet transversally (in case Ds(r) ∩ Γ = ∅ we
make the convention q1 = ∅). Likewise, from (ii) in the preceding claim, q2 := ∂(Ds(r)) ∩M(r) =
6If M1 and M2 are maximal surfaces and ∂(Mj) ∩Mi = ∅, {i, j} = {1, 2}, then M1 ∩M2 consists of a family of
analytical proper analytical arcs in Mj − (∂(M1)∪ ∂(M2)), j = 1, 2, meeting equiangularly at points with the same
normal.
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cs(r)∩ βr is a point. If α is an inextendible arc in Ds(r)∩M(r) ⊂ Vr then α is compact and with
endpoints lying in (∂(Ds(r)) ∩M(r)) ∪ (∂(M(r)) ∩ Ds(r)) = {q1, q2}. Taking into account that
Ds(r) ∩M(r) contains no Jordan curves (reason as above), we get that q1 is a point and α joins
q1 with q2, concluding (c) and the lemma. ✷
The following theorem has been inspired by Meeks and Rosenberg ideas in [21].
Theorem 6.2 If M is ω∗-maximal then any plane parallel to Σ∞ is transverse to M.
As a consequence, either Σ∞ is spacelike and Θ0(M) = R or Σ∞ is lightlike and θM = 2π.
Proof : Up to a Lorentzian isometry, we assume that either θ+ = +∞ or θM < +∞. In any case,
Lemma 6.4 guarantees that M contains no upward lightlike rays, and consequently, the foliation
D(r) in Lemma 6.6 makes sense, for any r ∈]−∞,−1], (0, 0, r) /∈ M.
From Theorem 6.1, θM = 2kπ, k ∈ N, provided that θM < +∞, and in this case M∞ is
a lightlike plane. Furthermore, by Corollary 5.2 lims→+∞ Γ′(s) and lims→−∞ Γ′(s) are lightlike
vectors parallel to M∞, hence the theorem holds provided that k = 1.
Therefore, it suffices to deal with the case θM ∈ [4π,+∞].
Take θ0 ∈ Θ0(M) such that I0 =]θ0 − 2π, θ0 + 2π[⊂ Θ0(M). In case θ+ = +∞ and θ+ > −∞,
and with the notation of Theorem 6.1, we also impose that I0 ⊂ JX . Let s0 ∈ R be the unique real
number such that Θ0(Γ(s0)) = θ0.
In the sequel we only consider r ∈]−∞,−1] such that (0, 0, r) /∈M and ΓI0 ⊂ Int(C+{(0,0,r)}).
For any s ∈ R, set Σ∞(s) the plane parallel to Σ∞ and passing through (0, 0, s).
Claim 1: There exists a divergent sequence {Rk}k∈N ⊂]−∞,−1] such that {D(Rk)}k∈N
converges in the C1-topology to the foliation of R31 by planes parallel to Σ∞.7
Proof : For r ≤ −1 and n ∈ N, label r(n) := rλn . Since M has no upward lightlike rays, then
F0(s0, ·) and ∂(Vr(n)) meet at a unique point qr(n) ∈ βr(n). Call E(r(n)) as the unique maximal
disc in D(r(n)) containing qr(n), and let us show that {λnE(r(n))}n∈N converges in the C0-topology
to Σ∞ ∩ Vr as graphs over Π0.
Since {MI0n }n∈N converges uniformly on compact subsets to the twice-covered once punctured
plane Σ∞−{O} (see Theorem 6.1) andMI0∩Vr(n) ⊂M(r(n)), then cr(n) := λn
(MI0 ∩ ∂(Vr(n))) ⊂
λnβr(n) converge as n→∞ to the twice-covered Lorentzian circle c := Σ∞∩∂(Vr) (a parabola when
Σ∞ is lightlike). Furthermore, λn∂(E(r(n))) and cr(n) meet only at λnqr(n) in a transversal way,
and any of the two components of cr(n)−λnqr(n) converges uniformly as n→∞ to c. Taking into ac-
count that λn∂(E(r(n))) lies in between these components, we deduce that {λn∂(E(r(n)))}n∈N → c
too. If Σ∞ is spacelike, c is a closed curve and the continuous dependence of Plateau’s problem
solutions with respect to the boundary data gives that {λnE(r(n))}n∈N → Σ∞ ∩ Vr in the C0-
topology.
Assume now that Σ∞ is lightlike (and c is a parabola), and call Er(∞) := limn→∞ λnE(r(n)).
Note that λnE(r(n)) ⊂ Vr for every n ∈ N, hence Er(∞) ⊂ Vr. Since Er(∞) is a PS graph and
∂(Er(∞)) = c, equation (1) yields that Er(∞) ⊂
(
∩p∈cExt(Cp)
)
∩Vr. This proves that Er(∞) lies in
the slab bounded by Σ∞ and Σ∞(r), and as a consequence, Er(∞) must contain lightlike segments
(otherwise, Er(∞) would be a parabolic maximal graph, hence a planar domain in Σ∞ by Corollary
4.1, which is absurd). From Remark 5.2, Er(∞) ∩ Σ∞ must contain a lightlike half line L with
initial point in c, and therefore S := Er(∞) −
(
Σ∞ ∩ π−1(Π0 − π(Er(∞)))
)
is an entire PS graph
over Π0 containing the complete straight line determined by L. Lemma 2.1 shows that S = Σ∞
and Er(∞) = Σ∞ ∩ Vr, proving that {λnE(r(n))}n∈N → Σ∞ ∩ Vr too.
7This means that for any compact interval I ⊂ R, {Ds(Rk)}k∈N → Σ∞(s) in the C
1-topology uniformly on s ∈ I.
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Take a divergent sequence {rk}k∈N in ] −∞,−1] and observe that {Σ∞ ∩ Vrk}k∈N → Σ∞ in
the C0-topology. By a standard diagonal process, we can find a divergent sequence {nk}k∈N ⊂ N
such that {λnkE(rk(nk))}k∈N → Σ∞ in the C0-topology as graphs over Π0. Define Rk := rk(nk),
k ∈ N, and let us show that {Rk}k∈N solves the claim.
To do this, let I ⊂ R be a compact interval, and take a sequence {sk, k ∈ N} ⊂ I converging
to s ∈ I. It suffices to check that {Dsk(Rk)}k∈N → Σ∞(s) in the C1-topology as graphs over Π0.
Let us see first that {λnkDsk(Rk)}k∈N → Σ∞ in the C1-topology. Indeed, note that λnk(0, 0, sk) ∈
λnkDsk(Rk) and {λnk(0, 0, sk)}k∈N → O. Thus, {λnkDsk(Rk)}k∈N converges in the C0-topology to
an entire PS graph Σ′∞ passing through O. As either Dsk(Rk) = E(Rk) or Dsk(Rk) ∩ E(Rk) = ∅
for any k, then Σ′∞ lies in one of the closed half spaces bounded by Σ∞. Using Calabi’s theorem,
Remark 5.2 and Lemma 2.1 we infer that Σ′∞ is a non timelike plane passing through O, hence
Σ′∞ = Σ∞. From Proposition 5.1, {λnkDsk(Rk)}k∈N → Σ∞ in the C1 topology and we are done.
Finally, let uk : π(Dsk(Rk)) → R and vk : λnkπ(Dsk(Rk)) → R be the functions determining
the graphsDsk(Rk) and λnkDsk(Rk) respectively, k ∈ N. Proposition 5.1 gives that {∇vk}k∈N → σ
in the C0 topology, where σ is the gradient of the linear function defining Σ∞. Since vk(λnkx) =
λnkuk(x), we infer that ∇vk(λnkx) = ∇uk(x) for any x ∈ π(Dsk(Rk)). This gives {∇uk}k∈N → σ
in the C0-topology, and so limk→+∞Dsk(Rk) = Σ∞(s) in the C1-topology. ✷
To finish the theorem, reason by contradiction and suppose there is q ∈ R31 such that TqM =
Σ∞. Recall that the conformal parameterization of M extends to the conformal mirrorM∗ of M
by folding back at Γ. In particular, the holomorphic Gauss map g extends by Schwarz reflection
to M∗ as well. Take a closed disc U ∈ M ∪M∗ such that q ∈ ◦U and U ∩ g−1(g(q)) = q. Let
m ≥ 1 denote the multiplicity of g at q, that is to say, the winding number of g(∂(U)) around
g(q). For any k ∈ N such that U ∩M ⊂ VRk and for any p ∈ U ∩M, let sk(p) ∈ R denote the
unique real number such that p ∈ Dsk(p)(Rk) and call Uk = ∪p∈U∩MDsk(p)(Rk). From equation
(1), Uk ⊂ ∪p∈U∩MExt(Cp), and so Ik := {sk(p) : p ∈ U ∩ M} lies in the compact interval
I = {s ∈ R : (0, 0, s) ∈ ∪p∈U∩MExt(Cp)}. In other words, Uk ⊂ ∪s∈IDs(Rk) for any k ∈ N
satisfying U ∩M ⊂ VRk .
For any k ∈ N such that U ∩ M ⊂ VRk and p ∈ U ∩ M, let gk,p : Dsk(p)(Rk) → D be
the holomorphic Gauss map of Dsk(p)(Rk), and set hk : U → C, (hk|U∩M)(p) := g(p) − gk,p(p)
and (hk|U∩M∗)(p) := g(p) − gk,p∗(p∗). Labeling s(p) ∈ I as the unique real number such that
p ∈ Σ∞(s(p)), p ∈ U ∩M, Claim 1 gives that limk→∞ sk(p) = s(p) and limk→+∞Dsk(p)(Rk) =
Σ∞(s(p)) in the C1-topology uniformly on p ∈ U ∩M. Therefore, limk→+∞ hk = g−g(q) uniformly
on U, hence for large enough k the winding number of hk(∂(U)) around the origin is equal to m.
However hk|U∩M∗ never vanishes, and so we can find for k large enough a point qk ∈ (U∩M)−∂(U)
such that hk(qk) = 0 (that is to say, TqkDsk(qk)(Rk) = TqkM), contradicting that D(Rk) is
transverse to M for any k and proving that M is transverse to Σ(s), s ∈ R.
If Σ∞ is lightlike, we can find q ∈ Γ such that TqM is parallel to Σ∞ (recall that θM ≥ 4π), a
contradiction. Thus Σ∞ is spacelike, and by Theorem 6.1, ]θ+, θ−[= R. This concludes the proof.
✷
Corollary 6.2 If M is ω∗-maximal then the blow-down plane Σ∞ does not depend on the blow-
down sequence.
Proof : If θM = 2π, Σ∞ is the limit plane of M at infinity and the corollary holds.
Assume that θM = +∞, take a new blow-down sequence {λ′n}n∈N and construct the correspond-
ing blow-down PS multigraph X ′ :M′∞ → R31 and blow-down spacelike plane Σ′∞ := X ′(M′∞).
Reason by contradiction and suppose Σ′∞ 6= Σ∞. Consider an interval I ⊂ Θ0(M) = R of length
2π, fix p ∈ Π0−O and take pn ∈ π−1(p)∩ (λn ·MI), p′n ∈ π−1(p)∩ (λ′n ·MI), n ∈ N (well defined
provided that n is large enough). We know that limn→∞N ( 1λn pn) = ζ and limn→∞N ( 1λ′n p
′
n) = ζ
′,
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where N is the Lorentzian Gauss map of M and ζ and ζ′ ⊂ H2− are the unitary normal vectors
to Σ∞ and Σ′∞, respectively. By a connectedness argument, we can find ζ0 ∈ H2− − {ζ, ζ′} and
divergent sequence {qn}n∈N ⊂ MI such that limn→∞N (qn) = ζ0. As above, ζ0 is the unitary
normal to the blow-down plane Σ′′∞ associated to blow-down sequence { 1‖qn‖0 }n∈N.
On the other hand, let (g, φ3) denote the Weierstrass data of M (see equation (2)) and ex-
tend (g, φ3) by Schwarz reflection to the double Mˆ of M. Then, consider the conjugate minimal
immersion X∗ : Mˆ → R3 associated to the same Weierstrass data (g, φ3), see equation (6), and
recall that the metrics on Mˆ induced by the maximal and minimal immersions are given by
ds2 = 14 |φ3|2( 1|g| − |g|)2 and ds20 = 14 |φ3|2( 1|g| + |g|)2, respectively.
Let us show that ds20 is complete. Since the mirror involution is an isometry of (Mˆ, ds20), it
suffices to check that divergent curves in M have infinite length with respect to ds20. Indeed, set
α ⊂ M a divergent curve. Since the first and second coordinate functions of a maximal surface
and its conjugate minimal one are the same, then the Euclidean length L0(α) of α is greater than
or equal to the one L0(π(α)) of π(α). The spacelike property of M and the divergence of α give
that L0(π(α)) = +∞, and so L0(α) = +∞.
By Theorem 6.2, N :M→ H2− omits the values ζ, ζ′ and ζ0 ∈ H2−, hence the Gauss map of X∗
omits six complex values. This contradicts Fujimoto’s theorem [10, 11] and proves the corollary.
✷
7 The Uniqueness Theorems
In this section we prove the main results of this paper. We start with the following:
Theorem 7.1 (Uniqueness of the Enneper surface) The only properly embedded ∗maximal
surface with connected boundary and finite rotation number is, up to Lorentzian congruence, the
Enneper surface E1.
Proof : LetM be a properly embedded ∗maximal surface with connected boundary and θM < +∞.
SinceM is a multigraph of finite angle, Corollary 5.2 gives thatM is conformally equivalent to
D− {1}. Let (g, φ3) denote the Weierstrass data of M. From Theorem 6.2, the holomorphic map
g : D−{1} → D is one to one on ∂(D)−{1}, and so, up to a Lorentzian isometry, we can suppose
that g(z) = z. On the other hand, equation (2.2) leads to φ3 = h(z)
z
(z−1)4 dz (note that the mirror
involution is given by J(z) = 1/z), where h : C→ C is a meromorphic function satisfying h◦J = h.
Since the 1-forms φj given in (2) have no common zeroes, h never vanishes on D. Furthermore, as
the unique end of M corresponds to z = 1, h has no poles in D as well. The symmetry condition
h◦J = h gives that the zeroes and poles of h, if they occur, lie in ∂D. However, Lemma 2.2 implies
that φ3 never vanishes on ∂D − {1}, and so h must be a real number different from zero. Up to
scaling and a conformal reparameterization, (g, φ3) are the Weierstrass data of E1 (see Section 3).
✷
In the sequel we will deal with the uniqueness of properly embedded ω∗-maximal surfaces with
connected boundary and infinite rotation number. This part of the paper has been mainly inspired
by Meeks-Rosenberg work [21].
Let M denote a properly embedded ω∗-maximal surface with connected boundary and θM =
+∞. From Theorem 6.2, Θ0(M) = R, Σ∞ is a spacelike plane, any plane parallel to Σ∞ meetsM
transversally into a family of pairwise disjoint proper analytical arcs.
Let Σ be a plane parallel to Σ∞, and label Σ+ and Σ− as the two closed half spaces in R31
bounded by Σ. As Σ is spacelike then q := Σ ∩ Γ is a single point. We set M(q) = M∩ Int(Cq),
M+(q) := M(q) ∩ Σ+ and M−(q) := M(q) ∩ Σ−. Note that equation (11) gives Γ ⊂ M(q).
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Since the arcs F0(s, ·) have slope ≤ 1 and M has no lightlike asymptotic rays (see Lemma 6.4),
F0(s, ·) ∩M(q) is compact and connected for any s ∈ R. We deduce that M+(q) and M−(q) are
simply connected regions in M with connected boundary. Moreover,M+(q) ∩M−(q) = {q}, and
so M(q) is connected too.
Consider a region S ⊂M (in most cases we will deal with S =M). The closure of a connected
component of Int(S)− Σ is defined to be a Σ-region of S.
A Σ-region ofM is said to be a finite (resp., infinite) if its boundary has finitely (resp., infinitely)
many pairwise disjoint proper arcs. A finite Σ-region of M is said to be simple if it has connected
boundary. Any Σ-region W of M is parabolic (see Corollary 4.1) and simply connected, hence
conformally equivalent to D−E, where E ⊂ ∂(D) is a totally disconnected compact zero measure
subset. For convenience, we will identify W and D− E and call E as the set of ends of W.
Lemma 7.1 If W ≡ D−E is an infinite Σ-region of M then either M+(q) ⊂W or M−(q) ⊂W.
Moreover, the endpoint of Γ ∩W is the unique limit end ∗ of E.
Proof : Up to a Lorentzian isometry, we will suppose that Σ = Σ∞ = Π0, q = Γ ∩ Σ = O and
Σ+ = {t ≥ 0} (hence Σ− = {t ≤ 0}). For simplicity we write Γ0 instead of Γ ∩W.
First of all recall that M+(O) and M−(O) are connected, hence they lie in the Σ-regions of
M containing Γ ∩ {t > 0} and Γ ∩ {t < 0}, respectively.
Take a limit end ∗ of E and an auxiliary point q0 ∈ ∂(D)−{∗}. Label c1 and c2 as the two open
arcs in ∂(D)− {∗, q0}, and consider sequences {en : n ∈ N} ⊂ c1 ∩E and {e′n : n ∈ N} ⊂ c2 ∩E
converging to ∗. Without loss of generality, suppose that {en : n ∈ N} is not a finite set of ends.
Reason by contradiction, and assume that either Γ0 = ∅ or Γ0 6= ∅ and Γ0 does not diverge
to ∗. Thus there exists a compact arc c ⊂ W − Γ connecting two points of ∂(W ), and such that
W − c has a connected component W ′ with infinitely many boundary components, disjoint from
Γ and containing ∗ among its limit ends. Without loss of generality, we can also suppose that
{en : n ∈ N} ∪ {e′n : n ∈ N} are ends of W ′.
Since W ′ ∩M(O) is compact (just observe that ∂(W ′) ∩M(O) = c ∩M(O) is compact and
W ′ ∩ Γ = ∅), then π|W ′ :W ′ → Π0 is proper. Take R > 0 such that c ⊂ {(x, t) ∈ R31 : ‖x‖0 < R}
and consider the connected component WR of W
′ ∩ {(x, t) ∈ R31 : ‖x‖0 ≥ R} with infinitely
many boundary arcs. It is clear that WR is biholomorphic to DR − ER, where DR ⊂ D is a
closed topological disc and ER = ∂(DR) ∩ E. Furthermore and as above we can suppose that
{en : n ∈ N} ∪ {e′n : n ∈ N} ∪ {∗} ⊂ ER.
Put αR := ∂(WR) ∩ {(x, t) ∈ R31 : ‖x‖0 = R}, and set σ the connected component of ∂(WR)
containing αR. Let WˆR denote the region in M bounded by σ and disjoint from Γ (obviously
WR ⊂ WˆR).
Let us see that π|WˆR : WˆR → π(WˆR) is a diffeomorphism. Let us see that π|∂(WR) is injective.
Indeed, since π|∂(WR)−αR is the identity map, it suffices to prove that π|αR is injective. Assume
without loss that WR ⊂ {t ≥ 0} and note that WR separates the region {(x, t) ∈ R31 : ‖x‖0 ≥
R, t ≥ 0}. Therefore, for an arc α ⊂ αR =WR∩{(x, t) ∈ R31 : ‖x‖0 = R} there can not be another
arc β ⊂ αR immediately above of below α. Otherwise, the Euclidean normal vectors to WR along
α and β would lie in different hemispheres, which contradicts that the projection π orients WR.
Therefore, π|WˆR : WˆR → π(WˆR) is a proper local diffeomorphism, hence a global diffeomorphism
from the simply connectedness of π(WˆR).
Set {Ωn : n ∈ N} the countable family of connected components in π(WˆR −WR), and let
Gn = {(x, un(x)) : x ∈ Ωn} denote the maximal graph in WˆR − Int(WR) satisfying π(Gn) = Ωn,
n ∈ N. It is clear that Ωn∩Ωm = ∅, m 6= n, and un|∂(Ωn) = 0. The desired contradiction will comes
from Theorem 5.3, provided that |∇un| < 1− ǫ for any n for a suitable ǫ > 0.
To check the last inequality, reason by contradiction and suppose there exists a sequence
{pn}n∈N, where pn ∈ Gn, such that {∇un(pn)}n∈N → 1 (or in other words, {|g(pn)|}n∈N → 1,
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where g is the holomorphic Gauss map of M). Since Gn is parabolic (see Corollary 4.1) and
|g| subharmonic, then |g|(pn) ≤
∫
∂(Gn)
|g| dµp′n , where dµp′n is the harmonic measure respect to
a given point p′n ∈ Gn. As dµp′n is a probabilistic measure (i.e.,
∫
∂(Gn)
dµp′n = 1), then we can
find qn ∈ ∂(Gn) ⊂ Π0 satisfying |g(qn)| ≥ |g(pn)|. Taking into account that M is proper and the
Gn’s are pairwise disjoint, we deduce that {λ′n := 1‖qn‖0 }n∈N → 0. Like in Section 6, consider the
sequence {M′n := λ′nM}n∈N, and the corresponding blow-down PS multigraph X ′ : M′∞ → R31.
Assume that {pn := qn‖qn‖0 }n∈N → p ∈ Π0, take an open disc D ⊂ Π0 centered at p of radius < 12
and call Nn as the closure of the connected component ofM′n∩π−1(D) containing pn, n ∈ N. From
equation (1), Nn ⊂ Ext(Cpn)∩π−1(D), and therefore Nn∩Int(C0) = ∅, for any n ∈ N. On the other
hand, equation (11) and the fact O ∈ Γ give that λ′nΓ ⊂ Int(C0) and prove that Nn ∩ (λ′n · Γ) = ∅,
for any n ∈ N. As a consequence π(Nn) = D and π|Nn : Nn → D is a diffeomorphism, n ∈ N.
The hypothesis {|g(pn)|}n∈N → 1 implies that N∞ := limn→∞Nn contains a lightlike half line
passing through p (see Theorem 5.2). Therefore N∞ and the plane X ′(M′∞) = Π0 (see Corollary
6.2) meet transversally at p. This contradicts that Π0 ∪N∞ lies in the limit set of the sequence of
embedded surfaces {M′n}n∈N and concludes the proof. ✷
Proposition 7.1 If Σ si a plane parallel to Σ∞ then M∩ Σ consists of a proper regular arc.
Proof : Like in the preceeding lemma, assume that Σ = Σ∞ = Π0 and Γ ∩Σ = O.
Let c0 denote the unique proper divergent arc in M∩ Π0 meeting Γ (that is to say, the one
with initial point O), and set M+ (resp., M−) the region in M bounded by c0 ∪ (Γ ∩ {t ≥ 0})
(resp., c0 ∪ (Γ ∩ {t ≤ 0})). It is clear that W+ ⊂ M+ and W− ⊂ M−, where W+ and W− are
the Σ-regions of M containing M+(O) and M−(O), respectively.
Lemma 7.1 implies that any region U ⊂ M disjoint from Γ with ∂(U) ⊂ Π0 contains finitely
many Σ-regions of M. Thus, we can find a divergent arc β+ ⊂ M+ disjoint from Γ, meeting c0
just at the initial point of β+, and meeting twice any connected component of (M+ ∩Π0)− c0. In
a similar way we define β−, and without loss of generality suppose c0 ∩ β+ = c0 ∩ β−. The proper
arc β = β+ ∪ β− is disjoint from Γ and splits M into two connected components. We set Mβ the
closure of the connected component of M− β disjoint from Γ.
Let V be a Σ-region of Mβ , obviously non compact. V is said to be a middle Σ-region of Mβ
if ∂(V ) ∩ β is compact. Otherwise, V is said to be a tail Σ-region of Mβ . Two different Σ-regions
of Mβ are said to be contiguous if they share a non compact boundary arc in Π0. Obviously
Mβ ∩M+ (resp.,Mβ ∩M−) contains at most one tail Σ-region, and it contains a tail Σ-region if
an only if ∂(W+) (resp., ∂(W−)) contains finitely many components. Moreover, Mβ contains no
middle Σ-regions if and only if Mβ ∩ Π0 = c0.
Let t∗ : M→ R denote the harmonic conjugate of the third coordinate function t : M → R,
and consider the holomorphic function h := t+ it∗ :M→ C.
Claim 1: If V0 is a middle Σ-region of Mβ then t|V0 is unbounded.
Proof : Suppose that t|V0 is bounded, and without loss of generality assume that t(V0) ⊂]−∞, 0].
Since V0 is parabolic (see Corollary 4.1), there is a biholomorphism T : V0 → A = {z ∈ D− {0} :
| arg(z)| ≤ π2 } such that T (∂(V0) ∩ Π0) = {z ∈ A : Re(z) = 0}. Up to the identification V0 ≡ A
via T, f : A → C, f := eh, extends by Schwarz reflection to a bounded function, that we keep
calling f, on D− {0}. by Riemann’s removable singularity theorem, f extends holomorphically to
D. Furthermore, f has no zeroes in D because t = log(|f |) ≤ 0 is bounded, and thus h = log(f)
has well defined limit at 0. Thus, h|V0 is bounded and has well defined limit at its unique end.
Let V1 be a middle Σ-region of Mβ contiguous to V0. Since h(V1) ⊂ {z ∈ C : Re(z) ≥ 0}
and h(V0) is bounded, h(V0 ∪ V1) omits infinitely many complex values, and consequently it is a
normal function. From the conformal point of view, D1 := V0∪V1 is biholomorphic to the D−{1}.
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Identifying D1 ≡ D−{1}, h has a well defined finite limit w0 along arcs α ⊂ V0 ⊂ D−{1} diverging
to 1. Basic sectorial theorems for normal functions imply that h|D1 has well defined finite angular
limit w0 at the end 1. In particular, t|V1 can not have asymptotic curves with asymptotic value ∞,
which proves that t|V1 is bounded. Reasoning as at the beginning of the claim, h|V1 is bounded
and has well defined finite limit w0 at its unique end. Repeating this argument for successive
contiguous middle Σ-regions, we conclude that h has limit w0 at the end of any middle Σ-region.
Now we can finish the claim. As we are assuming that Mβ contains middle Σ-regions, then
there is a Σ-region U of M with ∂(U) ⊂ Π0. The parabolicity of U and Claim 1 show that
U is biholomorphic to D − {w1, . . . , wk}, where {w1, . . . , wk} ⊂ ∂(D). Since t|U is bounded and
t|∂(U) = 0, we get t|U = 0, which is absurd. ✷
From Theorem 6.2 (see also the comments below Definition 2.2), Y := 1(t◦N )2∇t∗ is well defined
and never vanishes on M. Thus, any integral curve of Y is a proper arc in M contained in a
horizontal plane8. Furthermore, since Y is a spacelike field and Γ is lightlike, the integral curves
of Y are transverse to Γ. Consider the flow F : Γ × [0,+∞[ of Y and define D ⊂ M as the open
subdomain that is the image F(Γ× [0,+∞[). For the sake of simplicity, we denote by cs integral
curve F(Γ(s), [0,+∞[), s ∈ R. In other words, cs is the connected component of M ∩ {t = s}
meeting Γ.
To finish the theorem, it suffices to check that D = M. Reason by contradiction, and assume
that M−D 6= ∅. Therefore, ∂(D) = Γ ∪C, where C 6= ∅ is a collection of pairwise disjoint proper
integral curves of Y disjoint from Γ.
Since arcs in C lie in horizontal planes, we can suppose up to a translations that C ∩ Π0 6= ∅.
Let c be a proper arc in C ∩Π0. Fix p0 ∈ c and let δ : [−ǫ, ǫ]→M be the integral curve of ∇t with
initial condition δ(0) = p0. Since p0 ∈ C ⊂ ∂(D), we infer that δ(]0, ǫ]) ⊂ D, provided that ǫ is
small enough. Write t(δ(ǫ)) = a > 0 and note that t(δ(]0, ǫ])) =]0, a]. For any s ∈]0, a], let cˆs ⊂ cs
denote the compact arc joining Γ(s) = F(Γ(s), 0) = Γ ∩ cs and (t ◦ δ)−1(s). From the choice of c,
the curves {cˆs : s ∈]0, a]} converge as s→ 0 uniformly on compact subsets of M to c0 ∪ cˆ, where
cˆ ⊂ C ∩ Π0 is a collection of proper subarcs in C and p0 ∈ cˆ. By Lemma 7.1, cˆ has finitely many
connected components, one of then being a divergent subarc of c with initial point p0.
Set V = (∪s∈]0,a]cˆs) ∪ c0 ∪ cˆ, and note that V is a region in M homeomorphic to a closed disc
minus a finite set of boundary points and with boundary ∂(V ) = Γ([0, a]) ∪ δ(]0, ǫ]) ∪ cˆa ∪ c0 ∪ cˆ.
Since Γ([0, a]) ∪ δ(]0, ǫ]) ∪ cˆa is compact and c0 ∪ cˆ ⊂ Σ, V contains, up to a compact set, at least
one Σ-region ofMβ . However, t|V is bounded, contradicting Claim 1 and concluding the proof. ✷
Theorem 7.2 (Uniqueness of the Lorentzian Helicoid) The unique properly embedded ω∗-
maximal surface with connected boundary and infinite rotation number is, up to Lorentzian con-
gruence, the Lorentzian helicoid.
Proof : LetM be a properly embedded ∗maximal surface with connected boundary and θM = +∞.
Up to isometries, suppose Σ∞ = Π0. From Proposition 7.1, h := t + it∗ : M → C is a injective
holomorphic map. Furthermore, since Γ is a lightlike arc of mirror symmetry, t∗|Γ is constant (
without loss of generality suppose t∗|Γ = 0).
Let us see that limx∈cs→∞ t∗(x) = +∞ for any s ∈ R, where as in the proof of Proposition 7.1
cs is the integral curve of Y with initial condition Γ(s). Indeed, as t∗|cs is monotone then the limit
rs := limx∈cs→∞ t
∗(x) exists, and without loss of generality, belongs to ]0,+∞], for any s ∈ R. In
particular
lim
x∈cs→∞
h(x) = s+ irs, s ∈ R.
8Thw symbol ∇ means gradient with respect to the metric ds2 induced by 〈, 〉.
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Let Vs denote the parabolic region in M bounded by Γ([0, s])∪ c0 ∪ cs. The holomorphic function
h|Vs omits infinitely many complex values, hence from Theorem 4.1 the limits along c0 and cs must
coincide for any s ∈ R. Therefore, rs = +∞ for any s ∈ R, proving our assertion.
As a consequence, h(M) = U and h : M→ U is a biholomorphism. Furthermore, identifying
M and U via h, we get φ3 = −iBdz, B > 0.
On the other hand, Theorem 6.2 gives that g(U) ⊂ D − {0}, and so log(g) : U → C is well
defined. As |g|−1(1) = ∂(U), then Re(log(g)) only vanish on the real axis and log(g)|∂(U) is one to
one. Therefore, g(z) = eaiz+ib, where a, b ∈ R. Up to Lorentzian congruence,M is the Lorentzian
helicoid, which concludes the proof. ✷
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